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ABSTRACT

This thesis consists of three papers in dynamic political economy.

Ideology and the Determination of Public Policy Over Time investigates how

public policy responds to persistent ideological shocks in dynamic politico-economic

equilibrium. To this end, we develop a tractable model to analyse the dynamic

interactions among ideology, public policy and individuals’ intertemporal choice.

Analytical solutions are obtained to characterize the Markov perfect equilibrium.

Our main finding is that the relationship between ideology and the size of government

turns out to be non-monotonic. In particular, a right-leaning ideological wave may

lead to higher taxation, which makes the size of government much less distinctive

under different political regimes. Incorporating ideological uncertainty per se has

its theoretical relevance. Sufficient ideological uncertainty helps pin down a unique

equilibrium. This is in contrast with recent works on dynamic political economy

which feature multiple equilibria and have no sharp empirical predictions.

Dynamic Inequality and Social Security analyses the dynamic politico-economic

equilibrium of a model where the repeated voting on social security and the evolution

of household characteristics are mutually affected over time. We incorporate within-

cohort heterogeneity in a two-period Overlapping-Generation model to capture the

intra-generational redistributive effect of social security transfers. Political decision-

making is represented by probabilistic voting a la Lindbeck and Weibull (1987). We

analytically characterize the unique Markov perfect equilibrium. The equilibrium

so cial security tax rate is shown to b e i ncreasing i n weal th i nequality. The dynamic

interaction between inequality and social security leads to growing social security

programmes. The predictions of our model are broadly consistent with empirical

evidence. We also perform some normative analysis, showing that the politico-

economic mechanism tends to induce too large social security transfers in the long

run.

A Markovian Social Contract of Social Security analyses the sustainability and

evolution of the pay-as-you-go social security system in a majority voting framework
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with intra-cohort heterogeneity. We find that even under the temporal separation

of social security contributions and benefits, there exists a Markovian social con-

tract through which the self-interested middle-aged median voter has incentives to

support the system for intra-generational redistributive reasons. This is in contrast

with the approaches in the existing literature, which either resorts to the imperfect

temporal separation of contributions and benefits, or builds the expectation of future

social security benefits on variables that are payoff-irrelevant for future policymak-

ers. Correspondingly, our model has a number of distinctive empirical implications.

First, the social security tax rate converges along an increasing path to the steady

state. Second, the growth of social security is negatively correlated with income in-

equality. Third, the impact of income inequality on the equilibrium social contract

induces a non-monotonic relationship between income inequality and social security.

These predictions are broadly consistent with the data from the OECD countries.

Particularly, the Markovian social contract allows us to explain the insignificant or

even negative relationship between inequality and government transfers that is hard

to explain with the existing theory.

ii



ACKNOWLEDGMENTS

I am grateful to many people making this work feasible and interesting. First of

all, I wish to thank my advisor, Fabrizio Zilibotti. This work would not have been

possible without his continuous support, encouragement and expert guidance. I

thank Kaiji Chen, my coauthor, for his intelligence and patience, and my officemate,

Giovanni Favara, for making my academic life more enjoyable. I am also indebted

to Christina Lonnblad for editorial assistance and improving the language in my

papers.

I thank the Institute for International Economic Studies at Stockholm University

providing me the brilliant research environment to write the thesis. I also thank the

Economics Department at University College London offering me the opportunity to

start a very rewarding doctoral programme. Special thank is given to the Overseas

Research Student Awards (ORS) in UK, the Graduate School Research Scholar-

ship at UCL and the Jan Wallander Foundation for financial support. Finally, my

warmest thanks go to Xiaoying, who has always brought me sunshine in times of

frustration during this long academic journey.

iii



iv



TABLE OF CONTENTS

Chapter 1: Int ro duc tion 1

Chapt er 2 : I de ol ogy and t he De te r mi nat i on of Pu bl i c Pol i c y Ove r Ti me 5

Chapter 3: Dynamic Inequality and Social Security 51

Chapter 4: A Markovian Social Contract of Social Security 99

v



vi



Chapter 1

Introduction

The thesis is part of a growing literature bringing dynamic politico-economic

aspects into public policy analysis. The theme of the thesis is the notion that

political decisions and private intertemporal choices are mutually affected over

time. In particular, our work is based on a series of recent theoretical contri-

butions including Hassler, Rodriguez Mora, Storesletten and Zilibotti (2003),

Hassler, Storesletten and Zilibotti (2005) and Hassler, Krusell, Storesletten and

Zilibotti (2005), which explicitly analyse the interaction among private intertem-

poral choices, repeated political decision-making and the evolution of political

constituency. Their framework and methodology are applied to two topics: (1)

the determination of public spending under a stochastic political environment

with a persistent ideological shock; (2) the sustainability and the evolution of so-

cial security. We find that the dynamic politico-economic equilibrium approach

may substantially change the pattern of public policy choices and thus, provide a

new angle to understand the empirical evidence which is hard to explain with the

existing theory. Analytical solutions are provided throughout the thesis, making

the underlying politico-economic mechanism highly transparent.

Chapter 2 is motivated by the salient feature in real world democracies that

voting behaviour is often driven by motives that seem hard to reconcile with mere

economic factors. The empirical literature has long documented that ideology

plays an important role in voting decisions, even when individuals’ characteris-

tics are accounted for. Ideological waves are also quite persistent and thus, may

have nontrivial impacts on policy decision-making over time. In spite of these
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2 Chapter 1. Introduction

observations, none of the theoretical works has been devoted to analysing the role

of ideology in a dynamic political economy. This chapter explores how ideology

affects private intertemporal decision, public policy choice and the evolution of

political constituency. To this end, we develop a tractable model, based on Has-

sler, Storesletten and Zilibotti (2005), to analyse the dynamic interactions among

ideology, public policy and individuals’ intertemporal choice. Analytical solutions

are obtained to characterize the Markov perfect equilibrium. Our main finding

is that the relationship between ideology and the size of government turns out

to be non-monotonic. In particular, a right-leaning ideological wave may lead to

high taxation, which makes the size of government much less distinctive under

different political regimes. Incorporating ideological uncertainty per se has its

theoretical relevance. Sufficient ideological uncertainty helps pin down a unique

equilibrium. This is in constract with recent works on dynamic political economy

which feature multiple equilibria and have no sharp empirical predictions.

Chapter 3 investigates the political decision of social security in a dynamic

general equilibrium model. Most developed countries have large public pension

programmes, involving not only inter-generational but also intra-generational

transfers. The impact of an exogenous social security on household intertempo-

ral choices and welfare has been extensively studied in the literature. The social

security system, however, is not exogenous but endogenously determined by pol-

icy choices that reflect rich dynamic interactions between political and economic

factors. Despite this, most of the existing literature has either assumed away

politico-economic factors or, when considering them, it has focused on models

where the size of social security is decided once-and-for-all. As a result, the effect

of endogenous changes of household characteristics over time on the decision of

social security transfers has been ignored altogether. In this chapter, we analyses

the dynamic politico-economic equilibrium of a model where the repeated vot-

ing on social security and the evolution of household characteristics are mutually

affected over time. We incorporate within-cohort heterogeneity in a two-period

Overlapping-Generation model to capture the intra-generational redistributive ef-

fect of social security transfers. Political decision-making is represented by prob-

abilistic voting a la Lindbeck and Weibull (1987). We analytically characterize

the unique Markov perfect equilibrium. The equilibrium social security tax rate

are shown to be increasing in wealth inequality. The dynamic interaction between
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inequality and social security leads to growing social security programmes. The

predictions of our model are broadly consistent with empirical evidence. We also

perform some normative analysis, showing that the politico-economic mechanism

tends to induce too large social security transfers in the long run.

Chapter 4 analyses the sustainability and evolution of the social security sys-

tem in a majority voting framework. The preceding chapter shows that proba-

bilistic voting (by placing a weight on the interests of all individuals in society)

is one way of explaining why a social security system can be sustained over time.

However, this is arguably not the most convincing one. In the real world we know

that many young people would be opposed to shutting down the system, even

if this would imply for them an immediate reduction in the tax burden. The

support for the pension system from the young generation may be explained by

altruistic considerations vis-a-vis the current old. However, it could also occur

by the logic of the social contract pointed out by Sjoblom (1985): self-interested

agents perceive that future social security benefits are somehow related to the

present contribution.1 Thus, they are willing to pay the contributions in expec-

tation that the system will not be terminated by the future generation. These

considerations motivate us to study a model where the social security system

is sustained over time in a median voter environment, and where the median

voter is a net contributor rather than a recipient. We find that even under the

temporal separation of social security contributions and benefits, there exists a

Markovian social contract through which the self-interested middle-aged median

voter has incentives to support the system for intra-generational redistributive

reasons. This is in contrast with the approaches in the existing literature, which

either resorts to the imperfect temporal separation of contributions and bene-

fits, or builds the expectation of future social security benefits on variables that

are payoff-irrelevant for future policymakers. Correspondingly, our model has a

number of distinctive empirical implications. First, the social security tax rate

converges along an increasing path to the steady state. Second, the growth of

social security is negatively correlated with income inequality. Third, the impact

1To avoid the problem of temporal separation of contributions and benefits, some studies

assume the welfare of retirees to be weighted into the preference of the policymaker, by resorting

to altruism (Tabellini, 2000), probabilistic voting (Katuscak, 2002, Gonzalez-Eires and Niepelt,

2004, Song, 2005) or gerontocracy (Mulligan and Sala-i-Martin, 1999a).



4 Chapter 1. Introduction

of income inequality on the equilibrium social contract induces a non-monotonic

relationship between income inequality and social security. These predictions are

broadly consistent with the data from the OECD countries. Particularly, the

Markovian social contract allows us to explain the insignificant or even negative

relationship between inequality and government transfers that is hard to explain

with the existing theory.
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Chapter 2

Ideology and the Determination

of Public Policy Over Time
∗

1 Introduction

Modern political economy is designed to reveal the underlying mechanism of

policy decision-making. The theoretical literature assumes that individuals or

political groups vote for purely economical motives. A salient feature in real world

democracies, however, is that voting behaviour is often driven by motives that

seem hard to reconcile with mere economic factors. The empirical literature has

long documented that ideology plays an important role in voting decisions, even

when individuals’ characteristics are accounted for.1 For example, research has

shown that about 15% to 20% electorates in the United States tend to base their

policy preferences on ideology (e.g. Levitin and Miller, 1979). Ideological waves

are also quite persistent. Pro-redistribution "leftist" policies, for instance, were

highly popular in the 1960s, while there was a rightist mood in the late 1970s and

1980s.2 Moreover, the influence of ideology is not necessarily limited to voting

behaviour. Some recent theoretical work has shown that the evolution of political

∗ IIES, Stockholm University. Email: michael.song@iise.su.se. I am very grateful to Fab-
rizio Zilibotti for guidance and encouragement. I also thank Giovanni Favara and seminar
participants at IIES for fruitful discussions.

1 See, for example, Kau and Rubin (1979), Kalt and Zupan (1984, 1990). Similar results can

also be found in the literature on political science. Levitin and Miller (1979) and Robinson and

Fleishman (1984), among others, show that ideology turns out to be a significant predictor for

individuals’ voting choice in the U.S. presidential elections, even after taking into account the

effects of party identification.
2 See, for example, Robinson and Fleishman (1984) for a discussion of the U.S. survey data.
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6 Chapter 2. Ideology and the Determination of Public Policy Over Time

constituency can be endogenously driven by private intertemporal choice (e.g.,

Hassler, Rodriguez Mora, Storesletten and Zilibotti, 2003, Hassler, Storesletten

and Zilibotti, 2004, HSRZ and HSZ henceforth). The persistency of ideological

waves implies that the expectations of future policy outcomes be contingent on

the current ideological state. Therefore, ideology may have additional effects on

individuals’ intertemporal behaviour via expectation. This, in turn, affects the

current policy decision-making as well as the evolution of political constituency.

In spite of these observations, none of the theoretical works has been de-

voted to analysing the role of ideology in a dynamic political economy. This

paper explores how ideology affects private intertemporal choice, public policy

decision-making and the evolution of political constituency. We find that persis-

tent ideological shocks substantially alter the pattern of public policy in previous

research. Particularly, there is a non-monotonic U-shape correlation between ide-

ology and the distortionary tax rate. An immediate implication is that a rightist

ideology could actually increase the size of government. The mechanism be-

hind this somewhat surprising result lies in the dynamic interaction between the

ideology-contingent expectation and private intertemporal choice. When individ-

uals condition their investment to the ideology-contingent expectation, ideology

can affect the elasticity of the tax base and hence, the distortionary policy in

a non-monotonic fashion. The non-monotonicity also indicates that the size of

government under different political regimes tends to be much less distinctive

than suggested in previous research. This may shed some lights on the weak

empirical evidence for the standard partisan theory (e.g. Alseina, Roubini and

Cohen, 1997).

Incorporating ideological uncertainty per se is theoretically relevant. There is

a growing literature on the dynamics of government without commitment tech-

niques (e.g., Besley and Coate, 1998, Hassler, Krusell, Storesletten and Zilibotti,

2005). This strand of research emphasizes the fact that in representative democ-

racies, the incumbent government has limited abilities to commit to policies after

the next election. One shortcoming, however, is that the literature often produces

multiple equilibria when the identity of the incumbent is endogenous (e.g. HSRZ

and HSZ). Hence, it cannot provide sharp empirical predictions. The multiplicity

should not be surprising. When the government cannot commit to future poli-

cies, individuals must condition their choice on self-fulfilled expectations, which
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are usually not unique. The present paper shows that ideological uncertainty

may help pin down a unique equilibrium, even if the government cannot commit.

With sufficient uncertainty, all possible future policy outcomes can be associated

with positive probability. This rules out the indeterminacy of belief in future

political outcomes that can easily be self-fulfilled in the context without uncer-

tainty. Consequently, our work can give precise empirical implications on the

relationship between ideology and public policy. We may also explain the shift in

beliefs that switches one political regime to the other and run comparative statics

analyses, which are not fully secure under multiple equilibria.

The model economy, based on a tractable framework recently developed by

HSRZ and HSZ, is populated by overlapping generations of individuals living two

periods. Individuals make human capital investments when young, which can

increase their probability of being rich during their life time. Two sets of poli-

cies are considered. In the benchmark case, we assume proportional income tax

rates to be separately imposed on the young and old. The age-dependent tax-

ation implies that the government has the ability to distinguish between elastic

and inelastic tax bases. Then we analyse the model with age-independent taxes.

Both setups give similar results. To incorporate ideology, the political decision

process in our model differs from that of HSRZ and HSZ. We assume that there

are two political parties running electoral competition. The right-wing and left-

wing party, modeled as citizen-candidates (Osborne and Slivinski, 1996, Besley

and Coate, 1997), represent the rich and the poor, respectively.3 The election

and public policy are codetermined by two fundamentals in the political econ-

omy, namely the distribution of individuals’ economic situation and a persistent

ideological shock.

The distinctive feature of our model is that the expectations on future political

outcomes are ideology-contingent, as are private intertemporal choices. There-

fore, ideology may not only directly alter the election, but also indirectly affect

policy decision-making indirectly via human capital investment. For expositional

reasons, we first study a static example with no private intertemporal trade-off,

3 For simplicity, we assume zero entry cost, which shuts down the entry game in the standard

citizen candidate model. However, we still regard the two-party system as a citizen-candidate

model, since the party candidates cannot credibly commit to any policy platform other than

their preferred policies, as in Osborne and Slivinski (1996) and Besley and Coate (1997).
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in order to shut down the indirect effect of the ideology on public policy. The cor-

responding politico-economic equilibrium is straightforward. The left-wing party

prefers a high tax rate, since the tax burden is unevenly distributed across the

rich and the poor. In words, if ideology is sufficiently left-leaning, the left-wing

party wins the election and then adopts higher taxes and public spending. The

size of government is weakly but monotonically related to ideology. Thus, the

implication of the direct effect of ideology coincides with the standard partisan

model.

When ideology plays a role in intertemporal choices, the indirect effect of ide-

ology appears and its implication turns out to be very different from the direct

effect. Ideological movements lead to different expectations about future election

and policy outcomes. Forward-looking individuals would thus adjust human cap-

ital investment accordingly; that is to say, the elasticity of the tax base is also

ideology-contingent. To capture the indirect effect of ideology on public policy, we

focus on Markov perfect equilibrium, where the dynamic interactions among ide-

ology, private intertemporal choice and public policy can be characterized by two

fixed-points: the ideology-contingent expectations on future political outcomes

and the ideology-contingent public policy rule. Under quasi-linear preferences

and uniformly distributed ideological shocks, the equilibrium can be solved ana-

lytically. The main finding is that there is a non-monotonic U-shape correlation

between the distorting tax rate and the ideological state. Correspondingly, the

size of government under different political regimes becomes much less distinctive

than in the static example.

The non-monotonicity of tax rates with respect to ideology boils down to

the non-monotonic elasticity of the tax base. When the ideological state is ex-

tremely left-leaning, the persistency of ideology implies that the left-wing party

be reelected with certainty. Thus, the current distorting taxes do not affect the

expectations on the future election outcome. This makes human capital invest-

ment rather inelastic. But when ideology becomes less left-leaning, taxes have an

additional effect on human capital investment by affecting the future election and

policy outcomes. This makes the tax base more elastic. Thus, the incumbent has

an incentive to cut taxes. When ideology becomes more right-leaning, however,

the lower expected future taxes tend to reduce the elasticity of human capital

investment. This provides an incentive for the incumbent to raise the tax rate.
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Our work is also related to the strategic debt literature, where policies are

contingent on the reelection probability and could be inconsistent with the in-

cumbent party’s political colour.4 The "cynical" policy in the strategic debt

literature relies on the assumption that future policy outcomes can be affected by

public debt. The present paper, however, suggests that the intertemporal policy

instrument should not be necessary for the inconsistency between the incumbent’s

political colour and its policy choice. In fact, the inconsistency can naturally arise

in a circumstance where future political outcomes are related to private intertem-

poral choice. It is also worth pointing out that the incumbent does not have

any reelection concerns in our model, since political parties as citizen candidates

are "short-sighted" in the sense that they only live one period. The much less

distinctive difference on the size of government under different political regimes

is purely driven by the non-monotonic ideology-contingent elasticity of the tax

base, instead of the strategic behaviour of "long-lived" politicians in the strategic

debt literature.

The rest of the paper is organized as follows. Section 2 describes the model

and solves the static example. Section 3 analyses the benchmark model and gives

the conditions for the existence and uniqueness of the Markov perfect equilibrium.

In Section 4, we provide a closed-form solution when the ideological shock follows

uniform distribution. Section 5 discusses the role of ideological uncertainty on

the multiplicity of equilibria. Section 6 analyses the model with age-independent

taxation and Section 7 concludes.

2 The Model

2.1 The Model Economy

The model economy is primarily based on a tractable framework recently devel-

oped by HSZ. The economy is inhabited by an infinite sequence of overlapping-

generations. Each generation has a unit mass and lives two periods. There are

4 There are a number of theoretical and empirical works on the strategic role of public

debt, see for example Persson and Svensson (1989), Alesina and Tabellini (1990), Aghion and

Bolton (1990), Milesi-Ferretti and Spolaore (1994), Jonsson (1997), Franzese (2001), Pettersson-

Lidbom (2001) and Lambertini (2003).
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two types of old individuals endowed with different productivity, referred to as

the old rich and poor, respectively. The wage of the old rich equals δ ≤ 1 and the
poor earn zero. The benefits from public good consumption g are identical across

old individuals. The government imposes a proportional income tax rate τ o on

the old. Let uou and uos be the utilities of the old poor and rich, respectively.

These are equal to

uout = aogt, (2.1)

uost = (1− τ ot ) δ + aogt, (2.2)

where ao ∈ (0, 2] is the constant marginal utility of public good for the old.
Young individuals are ex-ante homogenous. They make a human capital in-

vestment h, which increases the probability p of being rich in their life time.

Without loss of generality, let p = h. The wage of the rich young equals unity

and the poor earn zero.5 τ y is the proportional income tax rate for young indi-

viduals. Assuming a linear-quadratic preference over the consumption and cost

of human capital investment, the utility of a young household is

uyt = ht (1− τ yt ) + aygt − h2
t + β̂E[uot+1], (2.3)

E
£
uot+1

¤
= htE

£
uost+1

¤
+ (1− ht)E

£
uout+1

¤
, (2.4)

whereE is the expectation operator and β̂ ∈ [0, 1] denotes the discounting rate. ay

is the constant marginal utility of public good for the young. The age-dependent

taxation and marginal utility of public good have their realistic counterparts.

Many public programmes and tax policies have important age-dependent ele-

ments. In addition, the young and old may evaluate public goods, such as public

health care, in quite different ways. Allowing for age-dependent taxation also sim-

plifies the analytical characterization without making any fundamental change to

the results, as shall be seen below.

Through the wage structure, the old and young produce δht−1 and ht, respec-

tively. Thus, the aggregate output yt equals

yt = δht−1 + ht. (2.5)

5 We assume that human capital depreciates over time, so that 1 − δ can be regard as the

depreciation rate.
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Total tax incomes and public spending amount to τ otδht−1+ τ ytht and 2gt, respec-

tively. We assume that the government budget must be balanced in each period,

which implies

gt =
τ otδht−1 + τ ytht

2
. (2.6)

2.2 The Political Decision Process

The sequence of tax rates is set through a repeated political decision process.

We assume that only old individuals vote. This captures, in an extreme fashion,

the phenomenon that the old are more influential in the determination of public

policies.6 It would be observationally equivalent to assume that voting occurs

at the end of each period. Old individuals have no interests at stake and thus,

abstain from voting. For expositional ease, we shall keep the former interpretation

throughout the paper.

In HSZ, election follows the majority rule and the outcome is deterministic

and solely depends on the distribution of old individuals’ economic situation.

However, political scientists have provided convincing evidence that, besides eco-

nomic reasons, electorates’ ideological label also plays a significant role in their

voting choice. To incorporate ideology, we adopt a simple partisan framework

with ideological uncertainty so that our model features a different political deci-

sion process from that of HSZ. The right-wing and left-wing party, modeled as

citizen-candidates, represent the old rich and poor, respectively. The party can-

didates cannot credibly commit to any policy other than that preferred by the

group they represent. For simplicity, we assume zero entry cost.7 The election

outcome is stochastic and codetermined by the distribution of old individuals’

economic situation and a persistent ideological shock. The timing of events in

each period is described as follows. Citizen candidates announce their policy

platforms at the beginning of each period. Next, an ideological shock is realized

6 For instance, Mulligan and Sala-i-Martin (1999) argue that the old have more influence in

the political decision process because they have a lower cost of time. Empirically, the voting

turnout is indeed lower for younger households (e.g. Wolfinger and Rosenstone, 1980). See

HRSZ and HSZ for more detailed discussions.
7 Zero entry cost shuts down the entry game in Osborne and Slivinski (1996) and Besley and

Coate (1997). Consequently, both the candidate representing the rich and that representing

the poor will participate in the electoral competition.
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and then the voting occurs. The elected party implements her preferred tax rates

and public spending. It follows that young individuals invest in human capital.

Their being rich or poor is unfolded after the investment.

To model the impact of ideology on the election outcome, we assume that

an ideological shock can switch a proportion of the poor (rich) to the right-wing

(left-wing) side in terms of voting choice. The discrepancy between individuals’

economic interests and their political preferences captures the impact of ideo-

logical movements. Consequently, there are two fundamentals in the political

economy, i.e., the population of the old rich and the ideological state. Define the

left-wingers (right-wingers) as old households voting for the left-wing (right-wing)

party. The election outcome is determined by the proportion of right-wingers et:

et =

⎧⎪⎪⎨⎪⎪⎩
1

ht−1 + st

0

st ≥ 1− ht−1

st ∈ (−ht−1, 1− ht−1)

st ≤ −ht−1

, (2.7)

where st is the ideological shock at time t and ht−1 is the population of the old rich,

or equivalently, the human capital investment at time t−1. A positive (negative)
ideological shock st switches some of the poor (rich) to vote for the right-wing

(left-wing) party. Thus, a high (low) st refers to a more right-leaning (left-leaning)

political environment.8 The election outcome at time t is codetermined by st and

ht−1. The right-wing party wins the election if et > 1
2
. Otherwise the left-wing

is elected.9 Note that (2.7) ensures that et ∈ [0, 1] always holds. When st takes

an extreme value (either very high or very low), the economic determinant ht−1

is wiped off. Outside these "ages of extremes" (Hobsbawm, 1996), economic

motives may sway voters. Since ideological movements tend to be persistent

(e.g. Robinson and Fleishman, 1984), st is assumed to follow a stationary AR(1)

process, whose properties will be defined and discussed below.10

8 Alternatively, st can be interpreted as a real shock. If the old poor are regarded as unem-

ployed workers with zero earning, ht−1 + st can be referred to as the employment rate, where

−st is a persistent unemployment shock.
9 We assume that the left-wing comes into power if the proportion of left-wingers ties the

right-wingers.
10 The existence and uniqueness of the dynamic politico-economic equilibrium can easily be

extended to an AR(n) process with n > 1.
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2.3 Two Effects of Ideology on Public Policy

The right-wing party sets τ ot so as to maximize the utility of the rich u
os
t in (2.2),

subject to the balanced-budget constraint (2.6). The assumption that ao ≤ 2 is
sufficient for the right-wing to set τ ot = 0.

11 The left-wing sets τ ot by maximizing

uout in (2.1), which is equivalent to maximizing fiscal revenues τ otδht−1 + τ ytht.

Since ht−1 is predetermined and τ ot does not distort young individuals’ human

capital investment, the left-wing will set τ ot = 1. In other words, the left-wing

government eliminates the income inequality of old individuals by imposing a

100% tax rate. To conclude, τ ot follows a binary rule

τ ot =

(
1

0

if et ≤ 1
2

otherwise
. (2.8)

The disagreement on tax τ ot exhibits the feature of a two-party system. Despite

the conflict of interest between left-wingers and right-wingers in terms of τ ot , their

preferences on τyt are perfectly aligned: attaining the top of the Laffer curve to

maximize taxes from young individuals. This is because citizen candidates only

represent the interests of the old rich and poor. None of them care about the

welfare of the young.12 So τ yt solves

τ yt = argmaxTt, (2.9)

where Tt ≡ τ ytht. As we shall see in Section 6, the political parties would disagree

on the tax rate imposed on the young if the government were not allowed to

adopt age-dependent taxation. Two remarks are in order. First, the incumbent

at time t would be better off if she could promise τ ot+1 = 0 to encourage human

capital investment ht. Without commitment techniques, however, the promise is

not credible since future polices are repeatedly decided by the winners of future

elections. So τ ot+1 must follow the binary rule (2.8). Second, in the present

political environment, both parties would like to see the right-wing being elected

in the next period, since τ ot+1 = 0 in the right-wing regime encourages human

capital investment and thus, enlarges the tax base. Note that the lack of reelection

11 We assume that the right-wing would set τot = 0 when the old rich are indifferent between

private net earnings and public good, i.e., ao = 2.
12 The indifference between τyt preferred by the leftist and rightist seems reasonable since the

young are homogenous when candidates implement their policies.
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concern is consistent with the ”short-sighted” citizen candidates only living one

period.

Now, we distinguish between two effects of ideology on public policy. Ideol-

ogy can directly affect policy via the election. This is referred to as the direct

effect of ideology, which is purely based on its impact on election outcomes. Be-

sides the direct effect, the persistent ideological shock may also affect the private

intertemporal investment via the ideology-contingent expectation on future po-

litical outcomes. This may change the elasticity of the tax base and thus, the

policy decision-making. This is referred to as the indirect effect of ideology. As

a warm-up exercise to facilitate the intuition, let us first study a static example

with no private intertemporal trade-off. This also helps identify the direct effect

of ideology on public policy.

2.3.1 A Static Example: the Direct Effect of Ideology

In this static example, we assume the probability of being rich in old age p to be

exogenous. The corresponding politico-economic equilibrium is straightforward.

The policy rule of τ ot follows (2.8). According to (2.3), young individuals’ human

capital investment solves

h = argmax
ĥ
(1− τ y) ĥ− ĥ2, (2.10)

which yields

h =
1− τ y

2
. (2.11)

We will continue to drop the time subscript when it does not create any confusion.

(2.11) shows that private intertemporal choice is independent of ideology. Sub-

stituting (2.11) into (2.9), we obtain an equalized distorting tax rate and human

capital investment under any ideological state.

τ y =
1

2
, (2.12)

h =
1

4
. (2.13)

(2.8) and (2.12) give the policy rules. Assuming away the intertemporal trade-off

shuts down the link between ideology and current distorting policy τ yt . Since the

political fundamental e = p + s, combining (2.8) and (2.12), the share of public
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spending can be computed as a percentage of aggregate output γ ≡ 2g/y:

γ =

(
1/2+δ
1+δ

1/2
1+δ

if s ≤ 1
2
− p

otherwise
, (2.14)

where γ measures the size of government. If the ideology shock s ≤ 1/2− p, the

left-wing party, representing the interests of the poor, wins the election and adopts

higher taxes and larger public spending for redistributive reasons. Otherwise,

the right-wing wins and imposes lower taxes for the sake of the rich. Since the

impact of ideology is limited to the election outcome, the difference in γ reflects

the direct effect of ideology on public policy. Particularly, the direct effect leads

to a weakly but monotonically negative correlation between ideology and the size

of government. If δ = 0.5, γ is three times higher in the left-wing than in the

right-wing regime. The implication from the direct effect is thus in accordance

with the standard prediction of partisan theory.

Figure 1: The Impact of Distorting Tax Rate τ y on Human Capital Investment

h.

3 The Politico-Economic Equilibrium

We turn to the benchmark setup, where the probability of being rich in old age

is endogenously determined by human capital investment, i.e., p = h. Denote x

and x0 as the variable x in the current and following period, respectively. Now,

the private intertemporal trade-off arises. The current distorting tax rate τ y

may change the future political fundamental e0 via human capital investment
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h. Moreover, changes in the future political fundamental may lead to different

election outcomes and hence, different tax rates on old individuals, as indicated

in (2.8). Forward-looking individuals will thus adjust human capital investment

accordingly. The impact of τ y on h is illustrated in Figure 1.

Taking into consideration the link between τ y and e0, individuals’ decision

problem for human capital investment turns out to be much more complicated

than (2.10) in the static example. The expected utility uyt in (2.3) implies that

ht depends on E[τ ot+1]. According to the binary tax rule (2.8), Eτ
o
t+1 is equal to

1 − πt, where πt ≡ Pr (et+1 > 1/2) denotes the right-wing’s probability of being

elected at time t+ 1. Plugging (2.8) into (2.3), young individuals solve

h = argmax
ĥ
(1− τ y + βπ) ĥ− ĥ2, (2.15)

where β ≡ β̂δ. The utility from public good is irrelevant for the decision h, due

to the atomic unit of individuals taking g and g0 as given. (2.15) yields

h =
1− τ y + βπ

2
. (2.16)

In addition to the negative effect of τ y on h in (2.11), (2.16) says that h increases

in π, i.e. the probability for a right-wing government to be elected, since such a

government will adopt the tax-free policy for old individuals. Moreover, (2.16)

provides a way of pinning down the rational expectation of π. Substituting (2.16)

into (2.7) and recalling that e0 = h+ s0, we obtain

π = Pr

µ
e0 >

1

2

¶
= Pr

µ
1− τ y + βπ

2
+ s0 >

1

2

¶
. (2.17)

On the one hand, since π is determined by individuals’ intertemporal decision, a

high human capital investment h tends to increase π. On the other hand, given

the expectation π, young individuals choose h according to (2.16). A high π leads

to a high h. For the expectation to be self-fulfilled, π must satisfy (2.17). Hence,

the rational expectation π is a fixed point of equation (2.17).

3.1 The Ideology-Contingent Expectation

First, we specify the properties of the stochastic process of st as follows. The

density function of st is defined by f : R2 → [0,∞) with
R
f (st, st−1) dst = 1 for

any given st−1. By (2.17), we know that π depends on τ y and the probability
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of the ideological shock s0, which is contingent on the current ideological state s.

Hence, π can be written as a function of τ y and s, π : [0, 1] × R → [0, 1], which

solves the following functional equation implied by (2.17):

π (τ y, s) =

Z
s0> τy−βπ(τy,s)

2

f (s0, s) ds0. (2.18)

The existence of the ideology-contingent expectation π (τ y, s) can easily be ob-

tained by the following assumptions. Define X ≡ [smin, smax], where −∞ <

smin < smax <∞. Assume

A1: s0 and s ∈ X.

A2: f (s0, s) is bounded and uniformly continuous.

Lemma 1 Assume A1 and A2. Then there exists a uniformly continuous func-

tion π (τ y, s) that solves (2.18).

Proof : See the appendix.

A2 is only a sufficient condition for the existence. π (τ y, s) can exist under dis-

continuous distributions, as shall be seen in Section 4. The following assumption

gives the sufficient condition for the uniqueness of π (τ y, s).

A3: f (s0, s) < 2/β for all s0 and s ∈ X.

Lemma 2 Assume A1 and A3. Then there exists an unique π (τ y, s) that solves

(2.18).

Proof : See the appendix.

Lemma 2 implies that sufficient ideological uncertainty can rule out the in-

determinacy of beliefs, which features a number of recent research on dynamic

politico-economic equilibrium with endogenous identity of the policymaker (e.g.,

HSRZ and HSZ). We will relax assumption A3 and study the multiplicity of

equilibria in Section 5.

Plugging the ideology-contingent expectation π (τ y, s) into (2.16), we obtain

h (τ y, s) =
1− τ y + βπ (τ y, s)

2
. (2.19)
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By (2.7), the future political fundamental e0 evolves according to

e0 (s0, τ y, s) =

⎧⎪⎪⎨⎪⎪⎩
1

h (τ y, s) + s0

0

if s0 ≥ 1− h (τ y, s)

if s0 ∈ (−h (τ y, s) , 1− h (τ y, s))

if s0 ≤ −h (τ y, s)
. (2.20)

3.2 Markov Perfect Equilibrium

Given the ideology-contingent expectation π (τ y, s) solved from (2.18) and indi-

viduals’ investment strategy (2.19), the incumbent sets τ y according to (2.9). Let

T (τ y, s) ≡ h (τ y, s) τ y. The problem is

τ y (s) = argmax
τy

T (τ y, s) . (2.21)

Three remarks are in order. First, the theorem of maximum implies that τ y :

R→ [0, 1] be an upper hemi-continuous mapping. Second, τ y only depends on the

current ideological state s. One may guess that τ y should also depend on the state

variable e = s+h−1, as τ o in the Markovian tax rule (2.8). In fact, e or the identity

of the incumbent has no influence on τ y, since the objectives of two parties over τ y

are perfectly aligned: maximizing tax revenue from the young. Third, compared

with the ideology-independent policy rule (2.12) in the static example, it can be

found that τ y (s) reflects the indirect effect of ideology on public policy, i.e., the

impact of ideology on policy decision-making via private intertemporal choice.

The indirect effect appears when individuals condition human capital investment

on the ideology-contingent expectations. More specifically, ideological movements

may indirectly affect policy decision-making via the ideology-contingent elasticity

of tax base h:

� (τ y, s) =
τ y − βτ y∂π (τ y, s) /∂τ y

1− τ y + βπ (τ y, s)
, (2.22)

where � denotes the absolute value of the elasticity of the tax base with respect

to τ y. An immediate observation is that, given ∂π (τ y, s) /∂τ y, � is decreasing in

π. That is to say, the current tax base tends to be less elastic when ideology is

more favourable for the right-wing to be elected in the next period.

In Markov perfect equilibrium, private and public choices are conditioned to

payoff-relevant state variables. There are two state variables in our model: the

ideological state s and the proportion of right-wingers e = s + h−1. These two

state variables are payoff-relevant since they determine the current election and
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thus, policy outcomes. So the Markovian political equilibrium can be defined as

follows.

Definition 1 A (Markov perfect) political equilibrium is a set of mappings τ o (e),

τ y (s), π (τ y (s) , s), and h (τ y (s) , s) such that:

(1) τ o (e) follows (2.8);

(2) given τy (s), the probability of election π (τ y (s) , s) solves (2.18);

(3) given π (τ y (s) , s), the human capital investment h (τ y (s) , s) follows (2.19);

(4) given h (τ y (s) , s), the incumbent solves τ y (s) by (2.21).

4 An Analytical Solution

In this section, we provide a closed-form solution of the Markov perfect equi-

librium. The complete characterization of the equilibrium reveals the dynamic

interactions among ideology, distortionary policy decision-making and individu-

als’ intertemporal choice. Specifically, we assume that s0 follows an AR(1) process

with a symmetric uniformly distributed innovation13

s0 = ρs+ ε0. (2.23)

The ideological shock is stationary and persistent, i.e., ρ ∈ (0, 1).14 The density

of ε equals 1/ (2z) if ε ∈ (−z, z) and 0 otherwise. So the conditional density
function of s0 is

f (s0, s) =

(
1
2z

0

if s0 ∈ (ρs− z, ρs+ z)

otherwise
. (2.24)

Later we will adopt normal distribution to check the robustness of the analytical

results under uniform distribution.

13 Analytical solution is also available, though much more tedious, under more general setups.

For example, s0 follows an AR(n) process with the innovation that has a piecewise linear

cumulative distribution function.
14 If we interpret s as a shock on unemployment rate, ρ can be interpreted as the persistency

of unemployment.
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Now the functional equation (2.18) becomes

π (τ y, s) =

⎧⎪⎪⎨⎪⎪⎩
1
1
2z

³
ρs+ z − τy−βπ(τy,s)

2

´
0

if τy−βπ(τy,s)
2

≤ ρs− z

if τy−βπ(τy,s)
2

∈ (ρs− z, ρs+ z)

if τy−βπ(τy,s)
2

≥ ρs+ z

.

(2.25)

The linearity makes the analytical solution straightforward. Assumption A3 im-

plies that z > β/4, which gives the sufficient condition for the uniqueness of

π (τ y, s) under the uniform distribution (2.24). In this section, we assume that

z > β/4. It can be shown that z > β/4 is also necessary. The opposite case z <

β/4, which produces multiple equilibria, will be studied in Section 6.15 Solving

(2.25) yields:

π (τ y, s) =

⎧⎪⎪⎨⎪⎪⎩
1
2(ρs+z)−τy

4z−β

0

if τ y ≤ λ− (s)

if τ y ∈
¡
λ− (s) , λ+ (s)

¢
if τ y ≥ λ+ (s)

, (2.26)

where λ− (s) ≡ 2 (ρs− z) + β and λ+ (s) ≡ 2 (ρs+ z). Note that λ+ (s) > λ− (s)

as long as z > β/4. For notational convenience, we refer to λ+ (s) ≤ 0, or

equivalently s ≤ −z/ρ, as the left-dominating region, where the left-wing will be
elected with probability one, irrespective of τ y. Symmetrically, λ− (s) ≥ 1, or

equivalently s ≥ ((1− β) /2 + z) /ρ, is referred to as the right-dominating region,

where the right-wing will be elected with probability one under any τ y.

It immediate follows that ∂π (τ y, s) /∂s ≥ 0 by (2.26). A higher s leads to
a higher expectation of s0, which tends to increase the probability of the right-

wing being elected in the next period. If ∂π (τ y, s) /∂τ y 6= 0, the incumbent can
choose τ y "strategically" to affect the ideology-contingent expectation π (τ y, s).

∂π (τ y, s) /∂τ y is a simple function of s:

∂π (τ y, s)

∂τ y
=

(
− 1

4z−β

0

if τ y ∈
¡
λ− (s) , λ+ (s)

¢
otherwise

. (2.27)

Thus, ∂π (τ y, s) /∂τ y ≤ 0. Intuitively, a low τ y encourages human capital in-

vestment and increases the share of rich individuals in the next period. This

makes the right-wing more likely to win the next election. In the left-dominating

15 π (τy, s) does not exist if z = β/4. The non-existence of π (τy, s) is due to the fact that the

uniform distribution (2.24) is not continuous and thus, does not satisfy assumption A2.
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(right-dominating) region with λ+ (s) ≤ 0 (λ− (s) ≥ 1), however, τ y cannot affect
the policymaker’s identity in the next period and hence, the expectation π is

independent of τ y.

The ideology-contingent expectation gives the ideology-contingent elasticity

of tax base, which plays a central role in the indirect effect of ideology on public

policy. Using (2.26) and (2.27), (2.22) yields

� (τ y, s) =

⎧⎪⎪⎨⎪⎪⎩
τy

1+β−τy

κ (τ y, s)
τy

1−τy

if τ y ≤ λ− (s)

if τ y ∈
¡
λ− (s) , λ+ (s)

¢
if τ y ≥ λ+ (s)

, (2.28)

where κ (τ y, s) ≡ (1 + β/ (4z − β)) τ y/ (1− τ y + β (2 (ρs+ z)− τ y) / (4z − β)).

(2.28) illustrates how ideology affects the elasticity of tax base h. First, note that

the tax base is more elastic in the left-dominating region (� = τ y/ (1− τ y)) than in

the right-dominating region (� = τ y/ (1 + β − τ y)). In the left-dominating (right-

dominating) region, the expectation on τ o = 1 (τ o = 0) discourages (encourages)

human capital investment and hence, makes the tax base more (less) elastic.

However, the impact of ideology on � is not monotonic. When s becomes less

friendly to the left-wing such that λ+ (s) ∈ (0, 1), it is easily shown that κ (τ y, s)
is strictly larger than τ y/ (1− τ y). The emergence of the negative effect of τ y

on the ideology-contingent expectation in (2.27), ∂π (τ y, s) /∂τ y, enhances the

distortion of τ y on h. This makes h more elastic.

Now we are well-equipped to solve for τ y (s). By (2.19) and (2.26), tax rev-

enues from young individuals are

T (τ y, s) =

⎧⎪⎪⎨⎪⎪⎩
1
2
(1− τ y + β) τ y

1
2

³
1− τ y + β 2(ρs+z)−τy

4z−β

´
τ y

1
2
(1− τ y) τ y

if τ y ∈
£
0, λ− (s)

¤
if τ y ∈

¡
λ− (s) , λ+ (s)

¢
if τ y ∈

£
λ+ (s) , 1

¤ . (2.29)

Taking s as the state variable, τ y can be pinned down by maximizing the piecewise

quadratic function T (τ y, s) in (2.29). A full characterization of the ideology-

contingent policy rule τ y (s) is given by

Proposition 1 Assume that (2.24) z ≥
³
β +

p
β + β2

´
/8. Then, the Markov
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perfect equilibrium is such that

τ y (s) =

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
1+β

2

λ− (s)

φ (s)
1
2

if s ≥ s3

if s2 < s < s3

if s1 ≤ s ≤ s2

if s ≤ s1

, (2.30)

where φ (s) ≡ (2β (ρs+ z) + 4z − β) /8z, s1 ≡
³p

z (4z − β)− (4z − β) /2− βz
´
/βρ,

s2 ≡ (16z2 − 6βz + 4z − β) / (ρ (16z − 2β)) and s3 ≡ ((1− β) /4 + z) /ρ, s1 <

s2 < s3.

Proof : See the appendix.

To simplify the statement in the paper, we assume that z ≥
³
β +

p
β + β2

´
/8.16

The two upper panels in Figure 2 plot τ y (s) and the ideology-contingent expec-

tation π (τ y (s) , s), where we set β = 0.5 (β̂ = 1 and δ = 0.5), ρ = 0.5 and

z = 0.2. In the left-dominating region, ∂π (τ y, s) /∂τ y = 0, distortionary taxes

have no effect on the election outcome in the next period. In words, the identity

of the future policymaker is fixed in the left-dominating region. (2.29) reduces

to a quadratic function (1− τ y) τ y/2 and the incumbent sets � = 1, which solves

τ y = 1/2.

For λ+ (s) > 0 or equivalently s > −z/ρ, ideology becomes less hospitable to
the left-wing and τ y plays a role in the expectation on future political outcomes.

Specifically, a low τ y can increase the human capital investment h and thus, the

probability for the rightist of being elected in the next period. In this case, the

future policymaker’s identity becomes endogenous and dependent on τ y. Then,

the corresponding objective function T is composed of two different quadratic

functions, T = [1− τ y + β (2 (ρs+ z)− τ y) / (4z − β)] τ y/2 for low τ y and T =

(1− τ y) τ y/2 for high τ y. The emergence of the effect of τ y on the expectation

π makes the tax base h more elastic, as shown by (2.28). This provides an

incentive for the incumbent to cut the tax rate. However, if λ+ (s) is close to

zero, the incumbent needs to cut τ y substantially to affect expectation π and the

tax base h. Proposition 1 shows that for s < s1, it is still optimal to set τ y = 1/2.

16 The other case where z ∈
³
β/4,

³
β +

p
β + β2

´
/8
´
is studied in the appendix, which gives

similar results.
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Figure 2: The Markov Perfect Equilibrium with Age-Dependent Taxation. The

parameter values are β = 0.5, δ = 0.5, ρ = 0.5, z = 0.2. Lower values of s

correspond to a more left-wing state of ideology.

As s moves rightward, the future election outcome becomes more easily af-

fected by tax-cutting. Particularly, when s reaches the threshold point s1, we

have an equalized maximum of the two quadratic functions in T . The incumbent

becomes indifferent between τ y = 1/2 and τ y = φ (s1), where

φ
¡
s1
¢
=

p
4− β/z

4
. (2.31)

The indifference produces multiplicity and discontinuity of τ y at s1.17 For a small

increment ξ in s, the incumbent will cut τ y from 1/2 to φ (s1 + ξ), to attain the

top of the Laffer curve. This can be directly seen from the upper panel in Figure

17 More specifically, τy (s) is not lower hemi-continuous. The theorem of maximum (e.g.

Stokey and Lucas, 1989, pp. 62) only ensures that τy (s) is upper hemi-continuous.
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2. Let ∆ (ξ) ≡ 1/2− φ (s1 + ξ) be the change in τ y due to the increment ξ at s1.

lim
ξ→0+

∆ (ξ) =
1

2
−
p
4− β/z

4
> 0. (2.32)

(2.32) implies that the effect of τ y on the expectation π induces a larger tax cut

at s1 under a higher β or a lower z. Intuitively, a higher β delivers a stronger

feedback of future policy outcomes on private intertemporal choice. A lower z

makes the expectation π more sensitive to τ y. (2.27) and (2.28) show that both

of these strengthen the effect of τ y on π and thus, make the tax base h more

elastic.

For s > s1, τ y turns out to be increasing in s. That is to say, the distortionary

tax rate is higher in a more right-leaning political environment. The somewhat

surprising result is due to the decreasing elasticity of h with respect to s, as

shown by κ (τ y, s) in (2.28). A high s increases the probability for a right-wing

government of winning the next election, via its persistent impact on the future

ideological state s0. This reduces the expected taxes and makes the current tax

base less elastic. The lower elasticity provides an incentive for the incumbent to

raise τ y. In the right-dominating region, young individuals rationally expect the

right-wing to win the next election under any τ y. Consequently, (2.29) reduces

to a quadratic function (1 + β − τ y) τ y/2, which solves τ y = (1 + β) /2.

From Figure 2, it can directly be seen that s has a greater impact on τ y for

s ∈ (s2, s3) than for s ∈ [s1, s2].18 Note that under a modest s, τ y has a negative

effect on π, i.e. the probability for the right-wing of being elected in the next

period.19 When s is sufficiently right-leaning, however, reducing τ y has no effect

on π since π has reached its upper boundary. The lack of the effect of tax-cutting

on π amplifies the impact of s on τ y.

To conclude, the indirect effect of ideology on public policy, reflected by τ y (s),

turns out to be very different from the direct effect in the static example. Partic-

ularly, the indirect effect induces an inverted-U shaped taxation rule. This is in

contrast to the conventional wisdom that the government tends to impose higher

(lower) distortionary taxes in a more left-leaning (right-leaning) political envi-

ronment. Our analysis shows that the non-monotonic indirect effect of ideology

18 According to Proposition 1, dτy (s) /ds = ρ/4z for s ∈
£
s1, s2

¤
and dτy (s) /ds = 2ρ for

s ∈
¡
s2, s3

¢
. The latter is greater than the former by z > β/4 and β ≤ 1.

19 For s ∈
£
s1, s2

¤
, ∂π (τy, s) /∂τy = −1/ (4z − β) < 0.
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boils down to the non-monotonic ideology-contingent elasticity of the tax base.

Given the distortionary tax rule τ y (s) and the ideology-contingent expectation

π (τ y (s) , s), human capital investment h follows

Proposition 2 Assume that (2.24) and z ≥
³
β +

p
β + β2

´
/8. Then, the

Markov perfect equilibrium is such that

h =

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
1+β

2
1
2
− (ρs− z)

1
4
+ β(ρs+z)

2(4z−β)

1
4

if s ≥ s3

if s2 < s < s3

if s1 ≤ s ≤ s2

if s ≤ s1

. (2.33)

The proof is straightforward and immediately follows from (2.19) and (2.30).

h increases in s for s ∈ [s1, s2] and peaks at s = s2. Then, h decreases in s

for s ∈ (s2, s3). Panel C in Figure 2 plots the inverted U-shaped h. This casts

doubts on the presumption that investment tends to be higher (lower) in the

more right-leaning (left-leaning) political environment. The non-monotonicity of

h is due to the fact that ideology has a greater effect on τ y in (s2, s3). To be

specific, a more right-leaning s has two opposite effects on h. First, it helps the

right-wing win the next election and thus raises π, which has a positive impact

on h. However, a high π makes h less elastic and thus, induces the incumbent to

raise τ y, which has a negative impact on h. For s ∈ (s1, s2), the positive effect

dominates the negative effect and h increases in s. For s ∈ (s2, s3), however, the

positive effect disappears since π has reached its upper boundary. Hence, the

remaining negative effect produces a decreasing h.

Policy rules (2.8) and (2.30) capture the direct and indirect effects of ideology

on public policy, respectively. Now these two effects are aggregated. Suppose that

the ideological state in the previous period s−1 satisfies h (τ y (s−1) , s−1) + s <

1/2. Then, the current incumbent is the left-wing. In spite of the monotonic

direct effect of ideology, the inverted-U shape indirect effect can cause the size of

government γ to be non-monotonically correlated with s in the left-wing regime,

as can be seen from the left-hand panel of Figure 3, where s−1 = −0.2. The
indirect effect is quantitatively important: it makes γ drop from 0.67 to 0.47

at s = s1. The right-hand panel of Figure 3 plots γ under s−1 = 0.8. In this

example, we can see that the maximum γ in the right-wing regime amounts to

0.48, greater than the minimum γ = 0.47 in the left-wing regime. That is to say,
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the size of government in the right-wing regime is not necessarily lower than that

in the left-wing regime, even if the right-wing regime adopts the tax-free policy

and its opponent imposes a 100% tax rate for old individuals.
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Figure 3: The Size of Government with Age-Dependent Taxation. The

parameter values are β = 0.5, δ = 0.5, ρ = 0.5, z = 0.2.

It is also worth noting that the size of government under different political

regimes becomes substantially less distinctive due to the indirect effect of ideology.

Recall that in (2.12) and (2.14), τ y is a constant and γ is three times higher under

the left-wing regime than under the right-wing regime. In that static case, human

capital investment h does not increase individuals’ probability of being rich. The

comparison immediately indicates that the indirect effect of ideology via ideology-

contingent expectation and private intertemporal choice stands in the heart of the

converging sizes of government under different political regimes.

4.1 Robustness

We have analytically characterized the Markov perfect equilibrium under the

uniform distribution assumption (2.24). It may be doubted whether the non-
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monotonicity, particularly the precipitation of τ y at s1, is caused by the discon-

tinuity of f (s0, s). In this subsection, we adopt an alternative assumption that

innovation ε is normally distributed with standard error σ, to check whether the

non-monotonic relationship between τ y and s still survives the different setup.

Analytical solution is hard to obtain under normal distribution. Thus, we resort

to the numerical method, which is specified in the appendix. Figure 4 plots τ y,

π and h with respect to s under the parameter values in Figure 2.20
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Figure 4: The Markov Perfect Equilibrium under Normal Distribution. The

parameter values are β = 0.5, δ = 0.5, ρ = 0.5, σ = 0.116.

The shapes of τ y, π and h in Figure 4 are qualitatively the same as in Figure

2, though the discontinuity of τ y disappears under continuous distribution. Two

important properties are worth reemphasizing. First, τ y is non-monotonically

20 We set σ = 2z/
√

12 so that the standard error of ε under normal distribution equals that

under uniform distribution.
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related to s. Second, the corresponding h exhibits an inverted-U shape. The

size of government γ is plotted in Figure 5. As in Figure 3, we set s−1 = −0.20
and 0.80 in the left- and right-hand panels, respectively.21 Once more, γ under

different political regimes becomes much less distinctive than that suggested by

(2.14). In the left-hand panel, we can see that the left-wing incumbent may adopt

a γ as low as 0.56, while the maximum of γ under s−1 = 0.8 amounts to 0.62

under the right-wing regime. Consistent with the findings in Figure 3, the size

of government in the right-wing regime is not necessarily lower than that in the

left-wing regime. Numerical results are suppressed under different β, δ, ρ and σ

since they are robust to extensive choices of parameter values.
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Figure 5: The Size of Government under Normal Distribution. The parameter

values are β = 0.5, δ = 0.5, ρ = 0.5, σ = 0.116.

21 Note that the support of s is limited to [ρs−1 − z, ρs−1 + z] under uniform distribution.

There is no such limit under normal distribution.
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5 Multiple Equilibria

In the previous sections, equilibria have been shown to be determinate. We

regard this as an important progress, since much of the previous related literature

(including HRSZ and HSZ) is plagued by multiple equilibria and indeterminacies,

which undermine the ability of the theory to provide sharp empirical implications.

The multiplicity should not be surprising. When the government cannot make a

commitment on future policies, individuals must condition their choice on self-

fulfilled expectations, which are usually not unique. Introducing ideology as a

state variable has been proved decisive to eliminate multiplicity. In this section,

we show that enough ideological uncertainty is indeed needed. Else, multiple

Markov equilibria reemerge. We also show that the non-monotonic relationship

between ideology and distortionary taxes notably survives the environment that

features multiple equilibria.

If z < β/4, (2.26) no longer holds. Instead, (2.25) solves

π (τ y, s) =

⎧⎪⎪⎨⎪⎪⎩
1
τy−2(ρs+z)

β−4z

0

if τ y ≤ λ− (s)

if τ y ∈
¡
λ+ (s) , λ− (s)

¢
if τ y ≥ λ+ (s)

, (2.34)

where λ+ (s) < λ− (s) under z < β/4. (2.34) implies that the ideology-contingent

π (τ y, s) is not unique for τ y ∈
¡
λ+ (s) , λ− (s)

¢
. For τ y ∈

¡
λ+ (s) , λ− (s)

¢
,

the expectation (τ y − 2 (ρs+ z)) / (β − 4z) seems bizarre since it implies that
∂π/∂τ y > 0 and ∂π/∂s < 0. Both signs are counter-intuitive and hard to ex-

plain. However, the indeterminacy of π (τ y, s) still remains even if we rule out the

counter-intuitive self-fulfilled expectation (τ y − 2 (ρs+ z)) / (β − 4z) by requiring
the expectation to be monotonic:

π (τ y, s) =

(
1

0

if τ y ≤ λ− (s)

if τ y ≥ λ+ (s)
. (2.35)

Since λ+ (s) < λ− (s), π is indeterminate for τ y ∈
£
λ+ (s) , λ− (s)

¤
.

The indeterminacy of expectations opens the door to multiple Markov perfect

equilibria. To see this, let us pick up a particular expectation rule satisfying

(2.35)

π (τ y, s) =

(
1

0

if τ y < λ+ (s) + ψ

if τ y ≥ λ+ (s) + ψ
,



30 Chapter 2. Ideology and the Determination of Public Policy Over Time

where ψ ∈ [0, β − 4z]. Then, the human capital investment follows

h (τ y, s) =

(
1+β−τy

2
1−τy

2

if τ y < λ+ (s) + ψ

if τ y ≥ λ+ (s) + ψ
.

Correspondingly, the incumbent sets τ y (s) by maximizing T (τ y, s) = τ yh (τ y, s).

Some algebra establishes

τy (s) =

⎧⎪⎪⎨⎪⎪⎩
1+β

2

λ+ (s) + ψ
1
2

if s ≥ ((1 + β − 2ψ) /4− z) /ρ

if s ∈ [((η − ψ) /2− z) /ρ, ((1 + β − 2ψ) /4− z) /ρ)

if s ≤ ((η − ψ) /2− z) /ρ

,

(2.36)

where η ≡
³
1 + β −

p
β (2 + β)

´
/2. This leads to

Proposition 3 Assume that (2.24) and z < β/4. There are multiple Markov

perfect equilibria, where τ y (s) follows (2.36) for any ψ ∈ [0, β − 4z].

Despite the indeterminacy of ψ, the non-monotonic relationship between s and

τ y still remains. (2.36) shows that the incumbent sets τ y = 1/2 when ideology is

sufficiently left-leaning. When s moves rightward and reaches the threshold point

θ ≡ ((η − ψ) /2− z) /ρ, the incumbent becomes indifferent between τ y = 1/2

and τ y = λ+ (θ) + ψ. For a small increment ξ in s, the incumbent may cut τ y

from 1/2 to λ+ (θ + ξ)+ψ, to attain the top of the Laffer curve. τ y increases in s

for s > θ, since the expectation π = 1 can be sustained by a higher τ y in a more

right-leaning political environment. Finally, τ y reaches the maximum (1 + β) /2

for s ≥ ((1 + β − 2ψ) /4− z) /ρ.

5.1 Discussion

The above analyses suggest that sufficient uncertainty helps pin down a unique

belief on the future political fundamental. If z < β/4, τ y ∈
¡
λ+ (s) , λ− (s)

¢
may

induce two self-fulfilled beliefs, π = 0 or 1. Given any of the self-fulfilled beliefs,

the tax rate τ y ∈
¡
λ+ (s) , λ− (s)

¢
can be utilized to rule out the role of s on

the future political fundamental. Specifically, given the belief that π = 1 (0) for

τ y ≤ λ− (s) (≥ λ+ (s)), any τ y ∈
¡
λ+ (s) , λ− (s)

¢
can lead to a rightist (leftist)

government in the next period, irrespective of the current ideological state s. If

z > β/4, given any τ y ∈
¡
λ− (s) , λ+ (s)

¢
, neither the left-wing nor the right-wing
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can be elected with probability one for any τ y ∈
¡
λ− (s) , λ+ (s)

¢
. Consequently,

individuals must use the current ideological state s to figure out all possible future

political fundamentals, e0 = h + s0, and the corresponding policy outcomes. In

words, s becomes useful information when uncertainty is sufficiently large. This

highlights the role of information which dictates an unique belief on π.

Morris and Shin (1998, 2000) applied a similar methodology to pin down a

unique belief in the financial market.22 They assume that agents receive dif-

ferential information on fundamentals. Noisy information destroys the common

knowledge. An agent must thus consider all possible strategies of others based

on its received information. The unique belief in our model does not rely on

differential information. Alternatively, it has roots in the imperfect information

about the future political fundamentals.

There are two advantages of introducing ideological uncertainty. First, the

indeterminacy in the context without uncertainty has little to say about the

shift in beliefs and the corresponding switches between different political regimes.

Take HSZ as an example. If π = 0 (1), the left-wing (right-wing) will be the

incumbent forever in all periods except the first election.23 This is apparently

inconsistent with the observed political cycles. Introducing electoral uncertainty

provides a straightforward mechanism that switches beliefs and the corresponding

politico-economic equilibrium outcomes over time. Second, sufficient ideological

uncertainty gives the unique π and hence, the unique Markov perfect equilibrium.

So, we may run comparative statics analyses, which are not fully secure under

multiple equilibria.

6 Age-Independent Taxation

Throughout the paper, we assume that the government can condition taxes on

age. Although age-dependent taxation has its realistic counterpart and sub-

stantially simplifies the analysis, this assumption is not innocuous. Since both

parties are perfectly aligned with τ y, the partisan effect only works on the non-

22 The technique used in Herrendorf et al. (2000) is also related to ours. They find that

sufficient heterogeneity can rule out the multiplicity of equilibria in a two-sector growth model.
23 If the proportion of old rich exceeds 1/2, the right-wing wins the first election. Otherwise,

the left-wing wins.
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distortionary tax rate τ o. More crucially, one may wonder whether the binary tax-

ation (2.8), which obviously overstates the effect of ideology on non-distortionary

taxes, is essential for the non-monotonicity of the distortionary taxation rule

τ y (s). In this section, we would like to assess the robustness of our main find-

ings under age-independent taxation, as in HRSZ. It will be seen that the weaker

policy instrument does not lead to any qualitative change.

6.1 A Two-Period Model

For simplicity, we investigate a two-period version of HSRZ’s model. Young in-

dividuals in the second period only live one period. It is worth emphasizing that

under the assumption of age-dependent taxation, we can freely divide the bench-

mark infinite-period model into pieces of two-period models without changing

any result. Hence, the results from the two-period model in this section are fully

comparable to those in the preceding sections.

Let us solve the two-period model recursively. We refer to x and x0 as variable

x in the first and second period, respectively. The human capital investment in

the second period is straightforward: h0 = (1− τ 0) /2. The left-wing incumbent

maximizes tax revenues. So the age-independent tax rate τ 0 under the left-wing

regime simply solves

τ 0 = argmax
τ̂ 0

τ̂ 0
µ
δh+

1− τ̂ 0

2

¶
. (2.37)

τ 0 under the right-wing regime solves

τ 0 = argmax
τ̂ 0

ao

2
τ̂ 0
µ
δh+

1− τ̂ 0

2

¶
+ (1− τ̂ 0) δ. (2.38)

The right-wing incumbent’s objective is mixed, since she faces a trade-off between

tax revenues and net earnings of the old rich. Two remarks are in order. First,

since the incumbent is not allowed to impose separate tax rates on the elastic and

inelastic tax bases h0 and δh, the optimal uniform tax rate τ 0 must be somewhere

between the age-dependent tax rates τ y and τ o. Second, under age-dependent

taxation, the distortionary tax rate τ y only depends on the ideological shock s,

since the past human capital investment does not affect the current elastic tax

base. Here, the uniform tax rate τ 0 becomes contingent on both state variables,
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h and s0. The first order conditions of (2.37) and (2.38) yield

τ 0 (h, s0) =

(
δh+ 1

2

δh+ 1
2
− 2δ

ao

if h+ s0 ≤ 1
2

otherwise
. (2.39)

For analytical convenience, we assume δ to be sufficiently small such that interior

solutions always hold.24 Due to the one-period decision of human capital invest-

ment, there is no indirect effect of ideology and policy rule (2.39) parallels the

static example (2.14) in Section 2. The direct effect of ideology makes tax rate

τ 0 weakly but monotonically decreasing in s0.

Now, we proceed to the first period. The human capital investment h solves

h =
1− τ + β (1−E [τ 0])

2
. (2.40)

Note that the probability of election π in (2.16) is replaced by 1−E [τ 0], where the
expectation is defined as E [τ 0] ≡

R
τ 0 (h, s0) f (s0, s) ds0. (2.40) suggests that h be

determined by τ and s in equilibrium. Plugging (2.39) into (2.40) and following

the similar procedures as in Section 3.1, we can establish a functional equation

in terms of h (τ , s) after some algebra

h (τ , s) =
1 + β/2− τ + 2βδ/ao

R
s0>1

2
−h(τ,s)

f (s0, s) ds0

2 + βδ
. (2.41)

The existence of h (τ , s) can easily be obtained under continuous distribution.

The proof is analogous to Lemma 1 and left for the reader.

Lemma 3 Assume that A1 and A2. Then there exists a uniformly continuous

function h (τ , s) that solves (2.41).

The following assumption gives the uniqueness. The proof is also analogous

to Proposition 1 and left for the reader.

A4: f (s0, s) < ao (1/2 + 1/βδ) for all s0 and s ∈ X.

Lemma 4 Assume that A1 and A4. Then there exists a unique h (τ , s) that

solves (2.41).

24 Interior solutions require δh < 1/2. Since the upper bound of h equals
³

1 + β̂δ
´
/2, we must

assume δ <
µq

1 + 4β̂ − 1

¶
/
³

2β̂
´
. Under β̂ = 1, δ < 0.6 is sufficient for interior solutions.
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Given individuals’ investment strategy h (τ , s), the incumbent solves τ by

τ (h0, s) =

⎧⎪⎨⎪⎩
argmax

τ̂ 0
τ̂ (δh0 + h (τ̂ , s))

argmax
τ̂ 0

ao

2
τ̂ (δh0 + h (τ̂ , s)) + (1− τ̂) δ

if h0 + s ≤ 1
2

otherwise
. (2.42)

As before, let us first study a static example with no private intertemporal trade-

off to identify the direct effect of the ideology on public policy.

6.1.1 A Static Example: the Direct Effect of Ideology

Assume the probability of being rich in old age p to be exogenous. Young individ-

uals’ human capital investment in the first period follows h = (1− τ) /2, which is

equivalent to the investment function in the second period. Therefore, the policy

rule in the first period simply replicates that in the second period (2.39):

τ (h0, s) =

(
δh0 +

1
2

δh0 +
1
2
− 2δ

ao

if h0 + s ≤ 1
2

otherwise
. (2.43)

Assuming away the intertemporal trade-off shuts down the link between ideology

and the distorting policy τ . Under age-independent taxation, the share of public

spending is γ = τ . Hence, τ measures the size of government. If the ideology

shock s ≤ 1/2−h0, the left-wing party wins the election and runs a larger size of

the government for redistributive reasons. Since the impact of ideology is limited

to the election outcome, the difference in τ , which amounts to 2δ/ao, reflects the

direct effect of ideology. The direct effect leads to a weakly but monotonically

negative correlation between ideology and the size of government. If δ = 0.5 and

ao = 2, the tax rate in the left-wing regime would be 50% higher than that in the

right-wing regime.

6.2 An Analytical Solution

The closed-form solution of h (τ , s) and τ (h0, s) can be obtained under uniform

distribution. Assuming (2.24), (2.41) becomes a linear functional equation. A4

implies that z > βδ/ (2ao (1 + βδ/2)). By the linearity of (2.41), this is not

only a sufficient but necessary condition for the uniqueness of h (τ , s). A full

characterization of h (τ , s) and the corresponding policy rule τ (h0, s) is given in

the appendix. The main findings can be directly seen from Figure 6, where the
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upper, middle and lower panels plot τ (h0, s), π (τ (h0, s) , s) and h (τ (h0, s) , s)

with respect to s, respectively. Recall that under age-dependent taxation, both

parties adopt the same taxation rule τ y (s) for young individuals. With uniform

taxation, however, the distortionary tax rate τ in the right-wing regime differs

from that of the left-wing, since τ affects the net earnings of the old rich. Despite

this generic difference, the shapes of the taxation rule and the human capital

investment strategy in Figure 6 are qualitatively the same as those in Figure 2

and 3. The main common points are as follows. First, the incumbent would cut

τ considerably when s is less left-wing, since the additional effect of τ on h via

the future election and policy outcomes makes the tax base more elastic. Second,

a more right-leaning ideological state s leads to a higher distortionary tax rate τ .

Once more, this is because of the less elastic tax base due to the lower expected

future taxes. Third, it can directly be seen from the figure that ideology has

a greater impact on τ for s ∈
¡
s2R, s3R

¢
. In that region, the negative effect of

τ on π disappears as π reaches its upper boundary. Consequently, the human

capital investment h exhibits an inverted-U shape with respect to the ideological

state. Finally, due to the non-monotonic τ (h0, s), the size of government in the

right-wing regime can be larger than that in the left-wing regime.25

25 The political equilibrium is numerically solved under the assumption that innovation ε is

continuously distributed. The numerical results are suppressed since they are qualitatively the

same as the analytical results shown by Figure 6.
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Figure 6: The Markov Perfect Equilibrium with Age-Independent Taxation.

The parameter values are β = 0.5, δ = 0.5, ρ = 0.5, z = 0.2 and ao = 2. The

initial h0 = 0.3.

If z < βδ/ (2ao (1 + βδ/2)), h (τ , s) turn out to be indeterminate. In the ap-

pendix, it is shown that there are multiple non-monotonic taxation rules τ (h0, s)

due to the indeterminacy of h (τ , s).

7 Conclusion

In spite of the growing literature on public policy decision-making in dynamic

politico-economic equilibrium, most works are silent on the role of ideological

waves, which tend to be persistent and have a significant impact on political out-

comes. To explore the underlying mechanism of policy decision-making under

stochastic ideological movements, we develop a tractable model to investigate the
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dynamic interactions among ideology, public policy and individuals’ intertemporal

choice. Our main finding is that the relationship between ideology and the size

of government can be non-monotonic, which boils down to the non-monotonic

ideology-contingent elasticity of the tax base. Consequently, the size of gov-

ernment turns out to be much less distinctive under different political regimes.

Moreover, incorporating ideological uncertainty per se has its theoretical rele-

vance. We prove that sufficient ideological uncertainty helps pin down a unique

equilibrium. This is in contrasts to recent works on dynamic political economy

which feature multiple equilibria and have no sharp empirical predictions.

The political party is modeled as citizen candidates, who only live one pe-

riod of time. This approach is not innocuous, although it substantially simplifies

the analysis. Particularly, it has two implications that seem questionable. First,

the elected party’s objective is to maximize the welfare of her constituency and

thus has no interests in taking care of the young generation. Second, since citi-

zen candidates are short-lived, they are generically ”short-sighted” and have no

reelection concerns. In future research, we plan to develop a model which can

incorporate the political power of the young as well as the incumbent’s reelection

concerns.
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8 Appendix

8.1 Proof of Lemma 1

Apply the Schauder fixed point theorem. Let C be a set of bounded and uni-

formly continuous functions mapping from [0, 1] × X to [0, 1]. Define F =R
s0≥ τy−βα(τy,S)

2
f (s0, s) ds0, where α (τ y, s) ∈ C. We need to prove that the mapping

F has a fixed point.

Let Ω = {F (α) , α ∈ C}. We first claim that Ω is equicontinuous, i.e., F (α)

is bounded and uniformly continuous for any α ∈ C. The boundedness is trivial

since F (α) (τ y, s) ≤
R
f (s0, s) ds0 = 1. To prove that F (α) is uniformly continu-

ous, we pick up any two vectors x = (τ y1, s1) and y = (τ y2, s2) from [0, 1]×X. It

is straightforward to show that

|F (α) (τ y1, s1)− F (α) (τ y2, s2)|

=

¯̄̄̄
¯
Z
s0≥

τ
y
1−βα(τ

y
1 ,s1)

2

f (s0, s1) ds
0 −
Z
s0≥

τ
y
2−βα(τ

y
2 ,s2)

2

f (s0, s2) ds
0

¯̄̄̄
¯

≤
¯̄̄̄
¯
Z
s0≥

τ
y
1−βα(τ

y
1 ,s1)

2

f (s0, s1) ds
0 −
Z
s0≥

τ
y
2−βα(τ

y
2 ,s2)

2

f (s0, s1) ds
0

¯̄̄̄
¯

+

¯̄̄̄
¯
Z
s0≥

τ
y
2−βα(τ

y
2 ,s2)

2

f (s0, s1) ds
0 −
Z
s0≥

τ
y
2−βα(τ

y
2 ,S2)

2

f (s0, s2) ds
0

¯̄̄̄
¯

≤
¯̄̄̄
τ y1 − τ y2 − β (α (τ y1, s1)− α (τ y2, s2))

2

¯̄̄̄
kf (s0, s1)ksup

+

¯̄̄̄
sup s0 − τ y2 − βα (τ y2, s2)

2

¯̄̄̄
kf (s0, s1)− f (s0, s2)ksup .

As kx− yk→ 0, we have |(τ y1 − τ y2 − β (α (τ y1, s1)− α (τ y2, s2))) /2| kf (s0, s1)ksup →
0 by the uniform continuity of α and kf (s0, s)ksup <∞ (A2). Moreover, from A1

and the boundedness of α, it immediately follows that

¯̄̄̄
sup s0 − τy2−βα(τ

y
2 ,s2)

2

¯̄̄̄
<∞

. By A2, kf (s0, s1)− f (s0, s2)ksup → 0 as kx− yk → 0. Therefore, we have

|F (α) (x)− F (α) (y)|→ 0 as kx− yk→ 0.

Next we check the conditions of the Schauder fixed point theorem (Theorem

17.4, Stokey and Lucas, 1989). Ω has been to proved equicontinuous. And it is

easily shown that C is nonempty, closed and convex and F is continuous. Thus,

all conditions are satisfied. ¤
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8.2 Proof of Lemma 2

We only need to prove that, given any (τ y, s), the following equation has a unique

solution

x = F (x) ≡
Z
s0≥ τy−βx

2

f (s0, s) ds0. (2.44)

A3 implies that dF (x) /dx = βf (s0, s) /2 < 1. The proof is complete by applying

the contraction mapping theorem. ¤

8.3 Proof of Proposition 1

For notational convenience, we define

TA (τ y, s) ≡ 1

2
(1− τ y + β) τ y,

TB (τ y, s) ≡ 1

2

∙
1− τ y + β

2 (ρs+ z)− τ y

4z − β

¸
τ y,

TC (τ y, s) ≡ 1

2
(1− τ y) τ y.

τ̂A (s) = (1 + β) /2, τ̂B (s) = φ (s) and τ̂C (s) = 1/2 are the interior solutions of

maxτy T
A (τ y, s), maxτy TB (τ y, s) and maxτy TC (τ y, s), respectively. Moreover,

let

A (s) = max
τy∈[0,λ−(s)]

TA (τ y, s) τA (s) = argmax
τy∈[0,λ−(s)]

TA (τ y, s)

B (s) = max
τy∈(λ−(s),λ+(s))

TB (τ y, s) τB (s) = argmax
τy∈(λ−(s),λ+(s))

TB (τ y, s)

C (s) = max
τy∈(λ+(s),1]

TC (τ y, s) τC (s) = argmax
τy∈(λ+(s),1]

TC (τ y, s)

The proof is based on the following lemma.

Lemma 5

τ y (s) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

1
2

φ (s)
1
2

λ− (s)

φ (s)

λ− (s)
1+β

2

if s ≤ s1

if s ≥ s1, s < s4, s < s2

if s ≥ s1, s < s4, s ≥ s2, s ≤ s5

if s ≥ s1, s < s4, s ≥ s2, s ≥ s5

if s ≥ s1, s ≥ s4, s ≤ s2

if s ≥ s1, s ≥ s4, s ∈ (s2, s3)

if s ≥ s1, s ≥ s4, s ≥ s3
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where s4 ≡ (1/4− z)/ρ and s5 ≡
³
1− β −

p
β2 + 2β + 4z

´
/ (4ρ).

When z ≥
³
β +

p
β + β2

´
/8, it can easily be shown that s2 ≥ s4. Thus,

s < s4 and s ≥ s2 cannot hold simultaneously. Moreover, since s4 ≥ s1, we have

s2 ≥ s1. Lemma 1 leads to Proposition 1, hence. ¤

8.3.1 Proof of Lemma 5

The solution of maximizing (2.29) is straightforward under two polarized cases,

i.e., s ≥ ((1− β) /2 + z) /ρ and s ≤ −z/ρ. Thus, we need only to focus on
s ∈ (−z/ρ, ((1− β) /2 + z) /ρ).

τC (s) equals τ̂C (s) if λ+ (s) ≤ 1/2. Since τ̂A (s) > τ̂B (s) > τ̂C (s) for

λ+ (s) ≤ 1/2, It can easily be shown that C (s) ≥ B (s) ≥ A (s) and τ y (s) =

τ̂C (s) if s ≤ s1, where s1 solves

TB
¡
τ̂B
¡
s1
¢
, s1
¢
= TC

¡
τ̂C
¡
s1
¢
, s1
¢

This yields

s1 =

p
z (4z − β)− (4z − β) /2− βz

βρ
.

The other root is omitted since s1 > −z/ρ.
For s ≥ s1, we distinguish two cases where s ≥ s4 and s < s4, respectively.

First look at s ≥ s4. We claim that τ y (s) = τ̂B (s) for s ≤ s2. Note that there

exists a unique s2 = (16z2 − 6βz + 4z − β) / (ρ (16z − 2β)) such that τ̂B (s) R
λ− (s) for s Q s2. This implies that τB (s) = τ̂B (s) for s ≤ s2. Since τ̂A (s) >

τ̂B (s),26 we have B (s) ≥ A (s) and τ y (s) = τ̂B (s) for s ≤ s2. Next consider

s > s2. Obviously, there is a unique s3 = ((1− β) /4 + z) /ρ such that τ̂A (s) Q
λ− (s) for s R s3. Together with the fact that τ̂A (s) > τ̂B (s), this implies that

τ y (s) = τ̂A (s) for s ≥ s3. Moreover, since τ̂A (s) > τ̂B (s), the intersection of

τ̂A (s) and λ− (s) must be higher than that of τ̂B (s) and λ− (s). So s3 > s2. For

s ∈ (s2, s3), τA (s) 6= τ̂A (s) and τB (s) 6= τ̂B (s). Hence, τ y (s) simply equals the

boundary λ− (s) for s ∈ (s2, s3).

Now, we proceed to the case where s < s4. Two cases are investigated in

order. For s < s2, the above analysis establishes τ y (s) = τ̂B (s). For s ≥ s2,

26 Since s < ((1− β) /2 + z) /ρ, we must have s < (1/2 + z) /ρ, the condition which satisfies

τ̂A (s) > τ̂B (s).
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since A (s) ≥ B (s), we only need to compare A (s) and C (s). It immediately

follows that C (s) ≥ A (s) and τ y (s) = τ̂C (s) if s ≤ s5 and C (s) ≤ A (s) and

τ y (s) = λ− (s) if s ≥ s5, where s5 solves

TA
¡
λ−
¡
s5
¢
, s5
¢
= TC

¡
τ̂C
¡
s5
¢
, s5
¢

This yields

s5 =
1− β −

p
β2 + 2β + 4z

4ρ
.

¤

8.4 Normal Distribution

Assume that ε follows normal distribution. The conditional density function

becomes

f (s0, s) =
1

σ
√
2π
exp

"
− (s0 − ρs)2

2σ2

#
, (2.45)

where σ is the standard error of innovation. If β ≤ 1/2, Lemma 2 suggests that
σ ≥ 0.10 can ensure the uniqueness of π (τ y, s). Unlike the case with uniform dis-
tribution, assumption A2 is not a necessary condition for the uniqueness π (τ y, s).

In fact, π (τ y, s) turns out to be unique in numerical experiments as long as σ is

not too small.27

We solve functional equation (2.18) numerically. The algorithm is straightfor-

ward. First, choose a number of grids τ yi and si in the state space [0, 1] × [s, s].
Given any τ yi and si, (2.18) reduces to a nonlinear equation (2.34). Solution x

contingent on τ yi and si can easily be obtained. This leads to an approximation of

function π (τ y, s) and T (τ y, s) on [0, 1]× [s, s]. The cubic spline interpolation is
used to compute the value of T (τ y, s) at points not on the grid. Then we search

for the optimal tax rate τ y that maximizes T (τ y, s).

27 For f (s0, s) ≥ 2/β, we can check the uniqueness by plotting
R
s0≥(τy−βx)/2

f (s0, s∗) ds0 with

respect to x to see if it only has one cross with the 45 degree line, where s∗ is chosen such that

s∗ = arg max f (s0, s).
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8.5 Characterization of the Equilibrium under Age-Independent

Taxation

(2.41) solves

h (τ , s) =

⎧⎪⎪⎨⎪⎪⎩
1+β/2+2βδ/ao−τ

2(1+βδ/2)
1+β/2+βδ(z−1/2)/(aoz)−τ+(βδρ/(aoz))s

2(1+βδ(1−1/(aoz))/2)
1+β/2−τ
2(1+βδ/2)

if τ ≤ θ− (s)

if τ ∈
¡
θ− (s) , θ+ (s)

¢
if τ ≥ θ+ (s)

, (2.46)

where θ− (s) ≡ −2z + β/2 − βδ/2 + βδ (2/ao − z) + (2 + βδ) ρs and θ+ (s) ≡
2z+β/2−βδ/2+βδz+(2 + βδ) ρs, θ+ (s) > θ− (s) for z > βδ/ (2ao (1 + βδ/2)).

We refer to θ+ (s) ≤ 0 and θ− (s) ≥ 1 as the left-dominating and right-dominating
region where the left-wing and right-wing will be elected with probability one for

any τ , respectively.

Correspondingly, the probability for the right-wing of being elected in the

second period equals

π (τ , s) =

Z
s0> 1

2
−h(τ,s)

f (s0, s) ds

=

⎧⎪⎪⎨⎪⎪⎩
1
2z+β/2+βδ(z−1/2)−τ+(2+βδ)ρs

4z(1+βδ(1−1/(aoz))/2)

0

if τ ≤ θ− (s)

if τ ∈
¡
θ− (s) , θ+ (s)

¢
if τ ≥ θ+ (s)

. (2.47)

It immediate follows that ∂π (τ , s) /∂s ≥ 0 and ∂h (τ , s) /∂s ≥ 0. A high s leads

to a high expectation of s0, which tends to increase π and thus h. Like (2.27),

the effect of τ on the ideology-contingent expectation, ∂π (τ , s) /∂τ , is a simple

function of s:

∂π (τ , s)

∂τ
=

(
− 1

4z(1+βδ(1−1/(aoz))/2)

0

if τ ∈
¡
θ− (s) , θ+ (s)

¢
otherwise

. (2.48)

For z > βδ/ (2ao (1 + βδ/2)), ∂π (τ , s) /∂τ ≤ 0. A low τ may intuitively lead to

a high probability for the right-wing of winning the next election. In the left-

dominating or right-dominating region with θ+ (s) ≤ 0 or θ− (s) ≥ 1, however, τ
cannot affect the identity of the incumbent in the next period.

(2.46) implies that the absolute value of the elasticity of the tax base δh0+ h
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is equal to

� (τ , s) =

⎧⎪⎪⎨⎪⎪⎩
τ

2(1+βδ/2)δh0+1+β/2+2βδ/ao−τ
τ

2(1+βδ(1−1/(aoz))/2)δh0+1+β/2+βδ(z−1/2)/(aoz)−τ+(βδρ/(aoz))s

τ
2(1+βδ/2)δh0+1+β/2−τ

if τ ≤ θ− (s)

if τ ∈
¡
θ− (s) , θ+ (s)

¢
if τ ≥ θ+ (s)

.

(2.49)

(2.49) illustrates how ideology affects the elasticity of the tax base. Like the

elasticity of the tax base under age-dependent taxation (2.28), the impact of

ideology on � is not monotonic. The tax base is more elastic in the left-dominating

region than in the right-dominating region. But � (τ , s) can be larger for θ+ (s) ∈
(0, 1) than for θ+ (s) ≤ 1. This is because the negative effect of τ on the ideology-
contingent expectation in (2.48) enhances the distortion of τ on h and makes h

more elastic.

Plugging (2.46) into (2.42), we see that the incumbent’s objective function is

piecewise quadratic. A full characterization of τ (h0, s) is given by the following

proposition.

Proposition 4 Assume that (2.24) and

z >
2βδ +

q
4β2γ2 + (2 + β)βδao + 2aoδ2β (2 + βδ)h0

8ao (1 + βδ/2)
(2.50)

Then τ (h0, s) follows

τ (h0, s) =

(
τL (h0, s)

τR (h0, s)

if h0 + s ≤ 1/2
if h0 + s > 1/2

, (2.51)

where τ j (h0, s), j = L,R, follows

τ j (h0, s) =

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
γj (h0) + βδ/ao

θ− (s)

φj (h0, s)

γj (h0)

if s ≥ s3,j

if s2,j < s < s3,j

if s1 ≤ s ≤ s2,j

if s ≤ s1

. (2.52)
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Functions γj and φj are defined as follows:

γL (h0) = δh0

µ
1 +

βδ

2

¶
+
1

2
+

β

4
,

γR (h0) = δh0

µ
1− 2

ao

¶µ
1 +

βδ

2

¶
+
1

2
+

β

4
,

φL (h0, s) = δh0

µ
1 +

βδ

2

µ
1− 1

aoz

¶¶
+
1

2
+

β

4
+

βδ

2aoz

µ
z − 1

2

¶
+

βδρs

2aoz
,

φR (h0, s) = δh0

µ
1− 2

ao

¶µ
1 +

βδ

2

µ
1− 1

aoz

¶¶
+
1

2
+

β

4
+

βδ

2aoz

µ
z − 1

2

¶
+

βδρs

2aoz
.

s1, s2 and s3 equal

s1 =
−Π2 +

p
Π2

2 − 4Π1Π3

2Π1
, (2.53)

s2,L =
1

ρ (2 + βδ (1− 1/ (2aoz)))

∙
1

2
+ 2z − β

4
+

βδ

2

−βδ
µ
3

2ao
− z +

1

4aoz

¶
+ δh0

µ
1 +

βδ

2

µ
1− 1

aoz

¶¶¸
, (2.54)

s2,R =
1

ρ (2 + βδ (1− 1/ (2aoz)))

∙
1

2
+ 2z − β

4
+

βδ

2
− βδ

µ
3

2ao
− z +

1

4aoz

¶
+δh0

µ
1− 2

ao

¶µ
1 +

βδ

2

µ
1− 1

aoz

¶¶¸
, (2.55)

s3,L =
1

ρ (2 + βδ)

∙
1

2
+ 2z − β

4
+

βδ

2
− βδ

µ
1

ao
− z

¶
+ δh0

µ
1 +

βδ

2

¶¸
,(2.56)

s3,R =
1

ρ (2 + βδ)

∙
1

2
+ 2z − β

4
+

βδ

2
− βδ

µ
1

ao
− z

¶
+δh0

µ
1− 2

ao

¶µ
1 +

βδ

2

¶¸
, (2.57)

with

Π1 ≡
(βδρ/ (2aoz))2

2 (1 + βδ (1− 1/ (aoz)) /2) ,

Π2 ≡
βδρ

2aoz

µ
δh0 +

1/2 + β/4 + βδ (z − 1/2) / (2aoz)
1 + βδ (1− 1/ (aoz)) /2

¶
,

Π3 ≡ −βδ (δh0)
2

4aoz
+
(1/2 + β/4 + βδ (z − 1/2) / (2aoz))2

2 (1 + βδ (1− 1/ (aoz)) /2) +
βδ (z − 1/2) δh0

2aoz
− 1/2 + β/4

2 (1 + βδ/2)
.

8.5.1 Proof of Proposition 4

We only characterize τL (h0, s). The characterization of τR (h0, s) is essentially

the same and thus omitted. Plugging (2.46) into (2.42), the left-wing incumbent’s
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objective function is piecewise quadratic

V L (h0, τ , s) =

⎧⎪⎪⎨⎪⎪⎩
TA (h0, τ , s)

TB (h0, τ , s)

TC (h0, τ , s)

if τ ≤ θ− (s)

if τ ∈
¡
θ− (s) , θ+ (s)

¢
if τ ≥ θ+ (s)

, (2.58)

where, for notational convenience, we define

TA (h0, τ , s) ≡ τ

µ
δh0 +

1 + β/2 + 2βδ/ao − τ

2 (1 + βδ/2)

¶
,

TB (h0, τ , s) ≡ τ

µ
δh0 +

1 + β/2 + βδ (z − 1/2) / (aoz)− τ + (βδρ/ (aoz)) s

2 (1 + βδ (1− 1/ (aoz)) /2)

¶
,

TC (h0, τ , s) ≡ τ

µ
δh0 +

1 + β/2− τ

2 (1 + βδ/2)

¶
.

τ̂A (h0, s) = γL (h0)− βδ/ao, τ̂B (h0, s) = φL (s) and τ̂C (h0, s) = γL (h0) are the

solutions of maxτ TA (h0, τ , s), maxτ TB (h0, τ , s) and maxτ TC (h0, τ , s), respec-

tively. Finally, let ω− ≡ −2z+β/2−βδ/2+βδ (2/ao − z) and ω+ ≡ −2z+β/2−
βδ/2 + βδz. So θ− (s) = (2 + βδ) ρs+ ω− and θ+ (s) = (2 + βδ) ρs+ ω+.

The proof is based on the following lemma. The proof is analogous to Lemma

5 and thus omitted.

Lemma 6

τL (h0, s) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

γL (h0)

φL (h0, s)

γL (h0)

θ− (s)

φL (h0, s)

θ− (s)

γL (h0) + βδ/ao

if s ≤ s1,L

if s ≥ s1,L, s < s4,L, s < s2,L

if s ≥ s1,L, s < s4,L, s ≥ s2,L, s ≤ s5,L

if s ≥ s1,L, s < s4,L, s ≥ s2,L, s ≥ s5,L

if s ≥ s1,L, s ≥ s4,L, s ≤ s2,L

if s ≥ s1,L, s ≥ s4,L, s ∈
¡
s2,L, s3,L

¢
if s ≥ s1,L, s ≥ s4,L, s ≥ s3,L

where s4,L ≡ δh0/ (2ρ) + (2− β + 8z + 2βδ (1− 2z)) / (4ρ (2 + βδ)).

When (2.50) holds, it can easily be shown that s2,L ≥ s4,L. Thus, s < s4,L

and s ≥ s2,L cannot hold simultaneously. Moreover, since s4,L ≥ s1,L, we have

s2,L ≥ s1,L. Lemma 6 leads to Proposition 4, hence. ¤
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8.6 Multiple Equilibria

If z < βδ/ (2ao (1 + βδ/2)), (2.46) does not hold any longer. After ruling out the

counter-intuitive expectation π (τ , s) by requiring the expectation to be mono-

tonic, (2.41) solves

h (τ , s) =

(
1+β/2+2βδ/ao−τ

2(1+βδ/2)
1+β/2−τ
2(1+βδ/2)

if τ ≤ θ− (s)

if τ ≥ θ+ (s)
(2.59)

and

π (τ , s) =

(
1

0

if τ ≤ θ− (s)

if τ ≥ θ+ (s)
. (2.60)

(2.59) and (2.60) imply that the ideology-contingent h (τ , s) and π (τ , s) are not

unique for τ ∈
¡
θ+ (s) , θ− (s)

¢
. The indeterminacy of expectations creates mul-

tiple Markov perfect equilibria. Pick up a particular expectation rule satisfying

(2.60)

h (τ , s) =

(
1+β/2+2βδ/ao−τ

2(1+βδ/2)
1+β/2−τ
2(1+βδ/2)

if τ < θ+ (s) + ψ

if τ ≥ θ+ (s) + ψ
.

The corresponding human capital investment is

π (τ , s) =

(
1

0

if τ < θ+ (s) + ψ

if τ ≥ θ+ (s) + ψ
,

where ψ ∈ [0, 2βδ/ao − 4z − 2βδz]. The left-wing and right-wing incumbents set
τ (h0, s) by maximizing τ (δh0 + h (τ , s)) and aoτ (δh0 + h (τ , s)) /2 + (1− τ) δ,

respectively. Some algebra establishes the following proposition:

Proposition 5 Assume that (2.24) and z < βδ/ (2ao (1 + βδ/2)). There are

multiple Markov perfect equilibria such that, for any ψ ∈ [0, 2βδ/ao − 4z − 2βδz],
τ (h0, s) follows

τ (h0, s) =

(
τL (h0, s)

τR (h0, s)

if h0 + s ≤ 1/2
if h0 + s > 1/2

,

where the functions τ j (h0, s), j = L,R, are defined as follows:

τ j (h0, s) =

⎧⎪⎪⎨⎪⎪⎩
γj (h0) + βδ/ao

θ+ (s) + ψ

γj (h0)

if s ≥ ϕ2,j

if ϕ1 ≤ s < ϕ2,j

if s ≤ ϕ1

,
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with

ϕ1 ≡ (η − 2z − β/2 + βδz − ψ) / ((2 + βδ) ρ) ,

ϕ2,j ≡
¡
γj (h0) + βδ/ao − 2z − β/2 + βδz − ψ

¢
/ ((2 + βδ) ρ) ,

η ≡
³
1 + β/2 + 2βδ/ao + δh0 (2 + βδ)− 2

p
βδ (1 + β/2 + 2βδ/ao + δh0 (2 + βδ)) /ao

´
/2.

Assume that (2.24) and z < βδ/ (2ao (1 + βδ/2)). There are multiple Markov

perfect equilibria such that, for any ψ ∈ [0, 2βδ/ao − 4z − 2βδz], τ (h0, s) follows

τ (h0, s) =

(
τL (h0, s)

τR (h0, s)

if h0 + s ≤ 1/2
if h0 + s > 1/2

,

where the functions τ j (h0, s), j = L,R, are defined as follows:

τ j (h0, s) =

⎧⎪⎪⎨⎪⎪⎩
γj (h0) + βδ/ao

θ+ (s) + ψ

γj (h0)

if s ≥ ϕ2,j

if ϕ1 ≤ s < ϕ2,j

if s ≤ ϕ1

,

with

ϕ1 ≡ (η − 2z − β/2 + βδz − ψ) / ((2 + βδ) ρ) ,

ϕ2,j ≡
¡
γj (h0) + βδ/ao − 2z − β/2 + βδz − ψ

¢
/ ((2 + βδ) ρ) ,

η ≡
³
1 + β/2 + 2βδ/ao + δh0 (2 + βδ)− 2

p
βδ (1 + β/2 + 2βδ/ao + δh0 (2 + βδ)) /ao

´
/2.
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Chapter 3

Dynamic Inequality and Social

Security∗

1 Introduction

Most developed countries have large public pension programmes, involving not

only inter-generational but also intra-generational transfers. For instance, so-

cial security contributions are roughly proportional to income while benefits have

important lump-sum components. The impact of an exogenous social security

on household intertemporal choices and welfare has been extensively studied in

the literature.2 The social security system, however, is not exogenous but en-

dogenously determined by policy choices that reflect rich dynamic interactions

between political and economic factors. For instance, the evolution of the distri-

bution of household characteristics may alter the political support for the system,

since households with different characteristics tend to have different preferences

over social security transfers. Despite this, most of the existing literature has

either assumed away politico-economic factors or, when considering them, it has

focused on models where the size of social security is decided once-and-for-all.

As a result, the effect of endogenous changes of household characteristics over

time on the decision of social security transfers has been ignored altogether. (e.g.

∗ I am very grateful to Fabrizio Zilibotti for guidance and numerous discussions. I also thank
John Hassler, Dirk Niepelt and seminar participants at IIES for helpful comments.

2 See Auerbach and Kotlikoff (1987), Imrohoroglu et al. (1995) and Storesletten et al. (1999)

among many others.
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Tabellini, 2000, Cooley and Soares, 1999, Conesa and Krueger, 1999).3

The present paper explores the positive implications and the welfare properties

of a rational choice theory implying rich dynamic interactions between private

intertemporal choices and political decisions on social security. To this end, we

construct a dynamic general equilibrium model where agents repeatedly vote over

the social security system, and confront its predictions with empirical evidence.

We also analyse normative implications by comparing the political equilibrium

with the Ramsey allocation chosen by a benevolent planner with a commitment

technology.

In our model, the incumbent government cannot commit to future social secu-

rity transfers since they are decided by future elected governments. Instead, the

pension system is determined in each period by its current constituency, of which

the extent of wealth inequality is a key factor. Forward-looking households ad-

just their private savings when rationally anticipating the equilibrium dynamics of

wealth inequality and social security. A main finding is that this interaction leads

to an equilibrium where social security transfers increase over time after their ini-

tial introduction. The underlying mechanism is twofold. On the one hand, the

establishment of a social security system increases future wealth inequality since

within-cohort transfers discourage the private savings of the poor more than that

of the rich. On the other hand, the larger wealth inequality makes social secu-

rity transfers more desirable in the future. This provides political support for an

increasing size of social security in the following periods.

Our workhorse is a standard two-period Overlapping-Generation model. To

capture the intra-generational redistributive role of social security, we incorporate

within-cohort heterogeneity by assuming the young households to be born with

different labour productivities. Old households are different in terms of wealth.

In other words, there exists multi-dimensional heterogeneity across voters. Each

group of voters has its own preferences over social security transfers. The political

decision process is modelled by a repeated probabilistic voting framework.4 In

3 A notable exception is Boldrin and Rustichini (2000), where the interaction between private

intertemporal choices and political decisions may lead to a decreasing size of social security.
4 The probabilistic voting framework is adapted from Lindbeck and Weibull (1987). See

Hassler et al. (2005) and Gonzalez-Eiras and Niepelt (2004) for the application of repeated

probabilistic voting in a dynamic political equilibrium.
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equilibrium, policymaker candidates respond to electoral uncertainty by propos-

ing a policy platform that maximizes a weighted-average welfare of all groups of

voters.

Previous literature has studied the sustainability and evolution of social secu-

rity by assuming that voters play trigger strategies (e.g. Boldrin and Rustichini,

2000). Although trigger strategies may provide analytical convenience and have

reasonable components, this assumption is not innocuous. Due to the multiplicity

of equilibria, it is hard to provide sharp empirical predictions. More importantly,

the trigger strategy equilibria are not robust to refinements such as backward

induction in a finite-horizon economy when the finite-horizon tends to infinity.

In the present paper, we focus on the Markov perfect equilibrium, where the size

of social security is conditioned on the payoff-relevant fundamental elements, the

aggregate capital stock and the distribution of assets held by old households.

The Markov perfect equilibrium in our model turns is unique, which can be ob-

tained as one takes the limit of a finite horizon environment. Thus, it does not

suffer from the shortcomings of the trigger strategy equilibria discussed above.

Moreover, under logarithm utility and Cobb-Douglas production technology, the

unique Markov equilibrium can be characterized analytically, making the eco-

nomic mechanism highly transparent. We show that the equilibrium social secu-

rity tax rate is increasing in wealth inequality and independent of the aggregate

capital stock.

Our theory delivers a number of empirical predictions that can be confronted

with empirical evidence. First, the prediction that the size of social security

programmes should grow over time after their initial introduction is consistent

with stylized facts from all major OECD countries. Second, our model predicts an

increasing consumption inequality over the life cycle, which is in accordance with

the empirical evidence in a number of countries (Deaton and Paxson, 1994). The

uniqueness of the Markov equilibrium also allows us to run comparative statics,

which is problematic in models featuring multiple equilibria. We find that a

high population growth rate, or a low proportion of old households, leads to a

small size of social security, since it increases the weight on the welfare of young

households in the political decision process. The positive relationship between

the size of social security and the old-aged population is consistent with a number

of cross-country studies (e.g. Tabellini, 2000, Mulligan and Sala-i-Martin, 1999a).
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Since the size of social security depends on the wealth distribution, an income

inequality shock does not have any immediate effects on the equilibrium level of

social security transfers. Over time, however, a larger income inequality increases

the wealth inequality and thus leads to a larger size of social security in the long-

run. This positive relationship between income inequality and social security is

also in accordance with empirical studies (e.g. Tabellini, 2000).

The tractable model allows a comparison between the politico-economic equi-

librium outcomes and the efficient (Ramsey) allocation, in which a benevolent

planner with a commitment technology maximizes the discounted sum of the

welfare of all current and future generations. Under logarithm utility and Cobb-

Douglas production technology, the Ramsey solution can be characterized ana-

lytically. There are two effects that make the initial social security tax rate in

the political equilibrium deviate from the optimal level. First, since voters are

short-lived and non-altruistic towards future generations, the political decision

process does not take into account the negative impact of social security taxes on

capital accumulation and the welfare of future generations. This is referred to as

political effect I. Intuitively, this effect induces too large transfers. Second, the

weight on the welfare of current young generation in the political decision process

tends to be larger than the weight in the Ramsey problem. This is referred to as

political effect II. Since social security has a negative effect on the welfare of young

households, this effect yields insufficient transfers. Under reasonable parameter

values, political effect II is found to dominate political effect I. Therefore, the

political equilibrium provides less social security transfers in the initial period,

compared with the efficient allocation. As for the transfers in periods other than

the initial one, the Ramsey planner will impose low taxation to encourage cap-

ital accumulation since she can commit to future policies. Not surprisingly, the

Ramsey tax rates turn out to be lower than the political equilibrium outcomes in

the long run.

As noted above, logarithm utility helps to obtain a closed-form solution of

the dynamic political equilibrium. It is worth emphasizing that in the Markov

equilibrium, voters do not only hold rational expectations on future equilibrium

outcomes, but may strategically affect future policies via the impact of current

taxation on private intertemporal choices. Under logarithm utility, the current

tax rate has symmetric effects on the private saving of the rich and poor, how-
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ever. Thus, it cannot affect the future state of the economy (wealth inequality),

nor future policy outcomes. In other words, strategic effects are mute in the

particular case of logarithmic utility. Strategic effects are instead present under

general CRRA utility when the intertemporal elasticity of substitution is differ-

ent from unity. In these cases analytical results cannot be obtained, but we can

numerically study the qualitative and quantitative impact of the strategic effects.

To this end, it is useful to compare the Markov perfect equilibrium with an en-

vironment (referred to as "the myopic voting equilibrium"), where voters can

rationally expect future policy outcomes but assume, incorrectly, that there are

no strategic interaction between the current and future policies.5 We show that if

the elasticity of intertemporal substitution is smaller than unity, as suggested by

most empirical literature, the strategic effect is positive: a higher current tax rate

leads to a higher future wealth inequality and hence larger transfers in future.

Due to the positive strategic effect, current voters have the incentive to strategi-

cally raise current social security taxes, in order to obtain larger social security

benefits in the future. Under reasonable parameter values, numerical exercises

indicate that the strategic effect in the Markovian equilibrium is quantitatively

less important: social security transfers are about 4% higher than those in the

myopic voting equilibrium.

The sustainability of the social security system has been widely discussed in

the literature.6 However, few works investigate the dynamic pattern of the sys-

tem. Two exceptions are Katuscak (2002) and Forni (2005). Katuscak (2002)

shows that imposing social security may discourage private savings and make the

old poorer after retirement. This induces the policymaker to increase future trans-

fers and thus, yields an increasing sequence of social security tax rates over time.

The present paper differs from Katuscak’s work along two dimensions: incorpo-

rating within-cohort heterogeneity and endogenizing factor prices. Our model

suggests that, though the inter-generational redistribution effect is key to sustain

the system, the intra-generational redistribution effect plays a central role in the

evolution of the system. The growing sizes of the pension system are generated

5 A similar notion of pseudo-equilibrium is used by Alesina and Rodrik (1994).
6 See, for example, Boldrin and Rustichini (2000), Cooley and Soares (1999), Conesa and

Krueger (1999), Mulligan and Sala-i-Martin (1999a, 1999b), Tabellini (2000), Razin et al.

(2002), Gonzalez-Eiras and Niepelt (2004).
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by the interaction between wealth inequality and social security transfers. Forni

(2005) adopts the median voter framework. He shows that the social security

system can be sustained by self-fulfilled expectations on the positive relationship

between current and future transfers, which implies a growing system. Although

Forni also focuses on the Markov equilibrium, the shortcomings in trigger strate-

gies equilibria apply to his approach. There are multiple Markov equilibria, none

of which survives a finite-horizon environment.

Our work is also part of a growing literature on dynamic politico-economic

equilibrium, where current voting may change fundamentals in the future po-

litical environment and hence, affect future policy outcomes. Because of the

complexity of dynamic interaction between individual intertemporal choice and

voting strategy, a closed-form solution is usually implausible except in some small

open economies (e.g. Hassler et al., 2003, Katuscak, 2002, Hassler et al., 2005).

Gonzalez-Eiras and Niepelt (2004) show that an analytical solution can be ob-

tained in a growth model with logarithm utility and Cobb-Douglas production

technology. The trick is that the equilibrium voting strategy turns out to be a

constant and to be independent of fundamentals in the political environment.

Our work generalizes Gonzalez-Eiras and Niepelt’s analytical results by incor-

porating within-cohort heterogeneity. More importantly, the equilibrium voting

strategy becomes nontrivially dependent on fundamentals in the political envi-

ronment. This is in sharp contrasts with the literature that resorts to numerical

characterizations for nontrivial equilibrium voting strategies in closed-economies

(e.g. Krusell et al., 1997, Krusell and Rios-Rull, 1999).

The rest of the paper is organized as follows. Section 2 presents the model. In

Section 3, the dynamic politico-economic equilibrium is defined and solved under

logarithm utility. The predictions of the model are tested on empirical evidence.

Section 4 characterizes the Ramsey solution. In Section 5, we solve the political

equilibrium and the Ramsey allocation under a more general CRRA utility form.

Section 6 concludes.

2 The Model

Consider an economy inhabited by an infinite sequence of overlapping-generations.

Each generation lives for two periods. Households work in the first period of their
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life and then retire. Labour supply is inelastic and normalized to unity. Assume

the gross population growth rate N t/N t−1 to be a constant n ≥ 1, where N t

denotes the population of the cohort born at time t.

Young households have probability P to be endowed with the high labour

productivity γh and probability 1− P to be endowed with the low productivity

γl (γh > γl). For simplicity, let P = 1/2.7 Households with type j = l (h) are

referred to as poor (rich). Wage income is taxed at the flat rate, τ t. The after-

tax net earning for young households of type j is (1− τ t)w
j
t . Old households

receive benefits bt from a social security system and young households may save

to finance their consumption after retirement. The corresponding intertemporal

decision solves

max
kjt+1

u
¡
cy,jt
¢
+ βu

¡
co,jt+1

¢
, (3.1)

subject to

cy,jt = (1− τ t)w
j
t − kjt+1, (3.2)

co,jt+1 = Rt+1k
j
t+1 + bt+1, (3.3)

where ci,jt and kjt+1 denote the consumption and savings of households of type

(i, j), i ∈ {y, o} and j ∈ {l, h}, respectively. The discount factor is β ∈ (0, 1).
Rt+1 is the gross interest rate at time t + 1. We assume that u (c) = log (c), an

assumption which will be relaxed in Section 5.

Let Kt and Lt be the aggregate capital stock and effective labour used in pro-

duction at time t. The clearance of factor markets requiresKt = N t−1
¡
klt + kht

¢
/2

and Lt = N t
¡
γl + γh

¢
/2. Without loss of generality, the average productivity¡

γl + γh
¢
/2 is normalized to unity so that γh = 2 − γl and Lt = N t. Assume

that production follows Cobb-Douglas technology with a constant return to scale:

AKα
t L

1−α
t . A denotes total factor productivity and α ∈ (0, 1) is the output elas-

ticity of capital. Factor markets are competitive and factor prices thus correspond

to marginal products

Rt = Aα (kt/n)
α−1 , (3.4)

wt = A (1− α) (kt/n)
α , (3.5)

where kt ≡
¡
kht + klt

¢
/2 is the average wealth holdings of old households. The

individual wage rate is wj
t = γjwt. The average wage rate thus equals wt.

7 P has no effect on the main results below.
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The flat-rate wage income tax rate τ t is determined through some political

process that will be specified below. τ t is imposed on the working generation to

finance social security payments. In addition to the inter-generational redistri-

bution which defines the pay-as-you-go system, pensions entail intra-generational

redistributive elements. In most systems, social security contributions are pro-

portional to income, while benefits have lump-sum or even regressive components.

According to the Old Age Insurance of the U.S. social security system, for exam-

ple, a 1% increase in lifetime earnings leads to a 0.90%, 0.32%, 0.15% and 0.00%

increase in pension benefits from low to high income groups. Following Conesa

and Krueger (1999) and many others, we assume, for analytical convenience, so-

cial security benefits to be evenly distributed within old households.8 It is also

assumed that the budget of the social security system must be balanced in each

period. This implies that at any time t, social security payments btN t−1 equal

social security contributions τ t
¡
wl
t + wh

t

¢
N t/2, i.e.

bt = nτ twt. (3.6)

2.1 Households’ Saving Choice

Under logarithm utility, the households’ saving choices can be analytically ob-

tained by the Euler equation, co,jt+1/c
y,j
t = βRt+1, which solves (3.1). Since house-

holds are atomic, they take factor prices, aggregate savings, the current social

security tax rate and future social security benefits as given. Plugging factor

prices (3.4), (3.5) and the balanced budget rule (3.6) into (3.2) and (3.3), the

Euler equation solves a doublet of private saving functions

kht+1 = Sh (kt, τ t, τ t+1) ≡ ω (τ t+1)ψ (τ t+1)A (1− τ t) (kt/n)
α , (3.7)

klt+1 = Sl (kt, τ t, τ t+1) ≡ ψ (τ t+1)A (1− τ t) (kt/n)
α , (3.8)

8 Social security wealth can be divided into two components: annuity and government transfer

value. Take the U.S. as an example. Wolff (1992) shows that 85% of the social security

wealth of old households in 1969 took the form of pure government transfers. Although this

number has been declining over time and dropped to 66% in 1983, government transfers still

constitute the major part of social security benefits. The annuity portion related to social

security contributions is regarded as returns from private savings in our model. The implicit

assumption is that the government runs the annuity fund in a perfect capital market such that

annuity contributions play the same role as private savings.
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where ψ (·) and ω (·) are defined as:

ω (τ t+1) ≡
θα (1 + β) + (θ − 1) (1− α) τ t+1/2

α (1 + β)− (θ − 1) (1− α) τ t+1/2
, (3.9)

ψ (τ t+1) ≡
γl (1− α)β (α (1 + β)− (θ − 1) (1− α) τ t+1/2)

(1 + β) (α (1 + β) + (1− α) τ t+1)
, (3.10)

where θ ≡ γh/γl denotes the ratio of labour productivity of the rich to that of

the poor. It is easy to show that Sj
1 > 0, Sj

2 < 0 and Sj
3 < 0, where subscript i

denotes the partial derivative with respect to the ith argument of S.9 A higher

kt increases the wage rate and thus, private savings. The effect of a high τ t is the

opposite. Social security benefits increase the income after retirement and hence,

discourage the private savings.

Note that θ = wh
t /w

l
t and ω (τ t) = kht /k

l
t measure young households’ income

inequality and old households’ wealth inequality (excluding social security bene-

fits), respectively.10 Without social security system (τ t = 0 ∀t), wealth inequality
ω (0) coincides with income equality θ. However, the establishment of a social

security system affects future wealth inequality kht+1/k
l
t+1 via τ t and τ t+1. First,

under logarithm utility, (3.7) and (3.8) imply that τ t has a symmetric impact on

kht+1 and k
l
t+1 and thus, does not affect k

h
t+1/k

l
t+1. Second, since ω (τ t+1) increases

in τ t+1, a high future social security tax rate τ t+1 enlarges future wealth inequal-

ity. The poor receive the same amount of social security benefits as the rich after

retirement, while their earnings are smaller than those of the rich. Therefore,

high social security benefits discourage savings of the poor more than the rich.

The results are written in Lemma 1.

Lemma 1 Assume that u (c) = log (c). Future wealth inequality kht+1/k
l
t+1 in-

creases in the future social security tax rate τ t+1. Given τ t+1, kht+1/k
l
t+1 does not

depend on the current social security tax rate τ t and aggregate capital kt.

Lemma 1 states an important property that will be repeatedly used in the

following analysis: the choice of the current tax rate has no effect on future wealth

inequality. This property is due to the assumption of logarithm utility, which

9 We assume that α (1 + β) > (θ − 1) (1− α) /2. Thus, the savings of the poor are always

positive.
10 To avoid confusion, wealth inequality is hereinafter referred to as inequality in terms of old

households’ wealth, excluding social security benefits.
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cancels out the substitution and income effect and thus makes private savings

proportional to labour income. As will be seen below, Lemma 1 substantially

simplifies the analysis. (3.7) and (3.8) lead to the law of motion of aggregate

capital

kt+1 = S (kt, τ t, τ t+1) ≡ φ (τ t+1)A (1− τ t) (kt/n)
α , (3.11)

where φ (·) is defined as

φ (τ t+1) ≡
αβ (1− α)

α (1 + β) + (1− α) τ t+1
. (3.12)

It immediately follows that S1 > 0, S2 < 0 and S3 < 0. These aggregate results

come from Sj
1 > 0, Sj

2 < 0 and Sj
3 < 0 implied by the private saving functions

(3.7) and (3.8).

3 Political Equilibrium

The social security tax rate τ t is chosen by some repeated political process at the

beginning of each period. In the present paper, we assume that τ t is determined

in a probabilistic voting framework (Lindbeck and Weibull, 1987). There are two

policy-maker candidates running electoral competition. The winner obtains the

majority of the votes of all current voters with unobservable ideological prefer-

ences towards political candidates. Since candidates only care about winning the

election, they will, in equilibrium, respond to electoral uncertainty by propos-

ing a policy platform that maximizes a weighted-average welfare of all current

voters. The weights reflect the sensitivity of different groups of voters to policy

changes.11 In the context of our model, the political decision process of τ t can

be formalized as

max
τ t

X
j=h,l

u
¡
co,jt
¢
+ n

X
j=h,l

¡
u
¡
cy,jt
¢
+ βu

¡
co,jt+1

¢¢
. (3.13)

For notational convenience, the weights on different groups’ utility are set equal.12

We focus on Markov perfect equilibrium, in which the state of the economy is

summarized by the distribution of the assets held by old households, kht and k
l
t. In

the Markov equilibrium, the current political decision may affect the future asset

11 See Persson and Tabellini (2000) for a more detailed discussion of probabilistic voting.
12 Deviation from equal weights does not affect the main results below.
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distribution and thus, the future social security tax rate. Forward-looking voters

would adjust their intertemporal choice accordingly. The Markovian policy rule

of τ t can be written as

τ t = z
¡
kht , k

l
t

¢
, (3.14)

where z : R+ × R+ → [0, 1] is assumed to be continuously differentiable. To

see how the Markovian policy rule affects households’ intertemporal choice, we

substitute (3.14) for τ t+1 in (3.7) and (3.8) and solve a recursive form of private

saving functions

kjt+1 = Ŝj (kt, τ t) . (3.15)

Differentiating (3.7) and (3.8) with respect to τ t pins down the partial derivatives

of the saving function Ŝj:

Ŝh
2 =

Sh
2 +z2

¡
Sl

2S
h
3 − Sh

2S
l
3

¢
1−z1Sh

3 −z2Sl
3

, (3.16)

Ŝl
2 =

Sl
2 +z1

¡
Sh

2S
l
3 − Sl

2S
h
3

¢
1−z1Sh

3 −z2Sl
3

. (3.17)

Note that Ŝj
2 generally differs from Sj

2. Correspondingly, the law of motion of

aggregate capital becomes

kt+1 = Ŝ (kt, τ t) ≡
³
Ŝh (kt, τ t) + Ŝl (kt, τ t)

´
/2, (3.18)

with Ŝ2 =
³
Ŝh

2 (kt, τ t) + Ŝl
2 (kt, τ t)

´
/2.

Given the Markovian policy rule z, the political decision on τ t solves (3.13),

subject to budget constraints (3.2) and (3.3), factor prices (3.4) and (3.5), the

balanced-budget rule (3.6), private saving functions (3.15), and the law of motion

of aggregate capital (3.18). This yields an actual policy rule τ t = z̄
¡
kht , k

l
t

¢
, with

z̄ : R+ × R+ → [0, 1]. z is a Markovian equilibrium policy rule, if and only

if z̄ = z. The formal definition of the Markov perfect equilibrium is given as

follows.

Definition 1 A Markov perfect political equilibrium is a triplet of functions S̃h,

S̃l and z, where the private saving function S̃j : R+×R+ → R+, j ∈ {h, l}, and
the policy rule z : R+ ×R+ → [0, 1] are such that:

(1) Given the policy rule z, S̃j
¡
kht , k

l
t

¢
= Ŝj

¡
kjt ,z

¡
kht , k

l
t

¢¢
, where Ŝj solves

the Euler equations.
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(2) Given z and Ŝj, z̄ solves (3.13), subject to (3.2) to (3.6), (3.15) and

(3.18).

(3) z̄ = z.

To solve the equilibrium policy rule z, let us look at the impact of the social
security tax rate τ t on the welfare of various groups of voters. Denote U i,j

t as

the welfare of the households of type (i, j), i ∈ {y, o} and j ∈ {l, h}, with
Uy,j
t ≡ u

¡
cy,jt
¢
+ βu

¡
co,jt+1

¢
and Uo,j

t ≡ u
¡
co,jt
¢
. Differentiating the utility of

old households with respect to τ t yields

∂Uo,j
t

∂τ t
= u0

¡
co,jt
¢
nwt > 0. (3.19)

Needless to say, old households always benefit from social security transfers. Sub-

stituting for co,jt and wt, (3.19) can be rewritten as

∂Uo,j
t

∂τ t
=

1− α

2α
kjt/k

i
t

1+kjt/k
i
t

+ (1− α) τ t
, (3.20)

where i, j ∈ {h, l}, i 6= j. Somewhat surprisingly, ∂Uo,j
t /∂τ t turns out to be

independent of aggregate capital kt and solely related to wealth distribution.

This highlights the role of social security as an intra-generational redistributive

policy. Specifically, the smaller is the wealth of old households, the more welfare

gains can they get from social security transfers. Although the rich gain less, the

aggregate welfare effect of τ t on old households, ∂Uo
t /∂τ t =

P
j=h,l

¡
∂Uo,j

t /∂τ t
¢
/2,

increases in wealth inequality due to the concavity of utility.13

Differentiating the utility of young households with respect to τ t yields

∂Uy,j
t

∂τ t
= −u0

¡
cy,jt
¢
γjwt+βu

0 ¡co,jt+1

¢µ
kjt+1

∂Rt+1

∂kt+1
+ nτ t+1

∂wt+1

∂kt+1

¶
Ŝ2+βu

0 ¡co,jt+1

¢
nwt+1

∂τ t+1

∂τ t
.

(3.21)

Note that the effect of τ t via kjt+1 cancels out due to the Euler equation. The

first term in (3.21) reflects the direct cost of social security contributions. The

second term captures the general equilibrium effect of τ t via its impact on capital

accumulation Ŝ2. The general equilibrium effect is twofold. On the one hand,

a high τ t reduces private savings at time t, and thus reduces the tax base of

social security at time t + 1. On the other hand, young households at time t

13 This can be formally derived by showing (∂Uo
t /∂τ t) /∂

¡
kht /k

l
t

¢
> 0 for kht /k

l
t > 1.
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benefit from a higher interest rate Rt+1. As long as τ t+1 or wealth inequality is

not very large, the interest rate effect dominates the first effect.14 Hence, the

general equilibrium effect can benefit the young households.15 The third term is

the "strategic effect", which captures the fact that voters can affect the future

tax rate τ t+1 by their current choices of τ t. The sign and size of the strategic

effect are determined by ∂τ t+1/∂τ t, where

∂τ t+1

∂τ t
= z1

¡
kht+1, k

l
t+1

¢
Ŝh

2 (kt, τ t) +z2

¡
kht+1, k

l
t+1

¢
Ŝl

2 (kt, τ t) . (3.22)

If ∂τ t+1/∂τ t > 0 (< 0), young households know that a higher current social

security tax rate leads to higher (lower) social security benefits in the future.

Thus, they may strategically increase (reduce) τ t as compared to the case where

the current political choice does not affect future policy outcomes.16

Then, the first-order condition of the problem (3.13) can be written as

∂Uo,j
t

∂τ t
+ n

X
j=h,l

∂Uy,j
t

∂τ t
+ λt = 0, (3.23)

where λt denotes the multiplier on the non-negative constraint of τ t, λt = 0

for τ t > 0 and λt > 0 for τ t = 0.17 (3.23) implies a function equation for z.
Under logarithm utility, the fixed-point can be analytically obtained as the limit

of finite-horizon solutions.

Proposition 1 Assume u (c) = log (c). Define υ ≡ n (1 + αβ) / (1− α). In the

Markov perfect equilibrium, the policy rule z
¡
kht , k

l
t

¢
follows

z
¡
kht , k

l
t

¢
=

(
H
¡
kht /k

l
t

¢
> 0

0

if υα < 1

if υα ≥ 1 and kht /klt > Θ (υ)
, (3.24)

where

H
¡
kht /k

l
t

¢
≡
−Φ (υ) +

s
Φ (υ)2 − 4∆ (υ)

µ
4υα2kht /k

l
t

(1+kht /k
l
t)

2 − α

¶
2∆ (υ)

(3.25)

14 This can be seen by sgn
³
kjt+1∂Rt+1/∂kt+1 + nτ t+1∂wt+1/∂kt+1

´
=sgn

³
−kjt+1/kt+1 + τ t+1

´
.

15 Gonzalez-Eiras and Niepelt (2004) show that the interest rate effect plays an important role

in sustaining the social security system in the economy without within-cohort heterogeneity.
16 In Section 5, we will study "the myopic voting equilibrium", where voters can rationally

expect future policy outcomes but assume there to be no strategic interaction between the

current and future policies.
17 Recall that Uy,j

t ≡ u
³
cy,jt

´
+ βu

³
co,jt+1

´
and Uo,j

t ≡ u
³
co,jt

´
.
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with ∆ (υ) ≡ (1− α) + υ (1− α)2, Φ (υ) ≡ −1 + 2α + 2υα (1− α) and Θ (υ) ≡
2υα− 1 + 2

p
υα (υα− 1). The private saving function follows

S̃h
¡
kht , k

l
t

¢
= ω (τ̂)ψ (τ̂)A

¡
1−z

¡
kht , k

l
t

¢¢ ¡¡
kht + klt

¢
/ (2n)

¢α
, (3.26)

S̃l
¡
kht , k

l
t

¢
= ψ (τ̂)A

¡
1−z

¡
kht , k

l
t

¢¢ ¡¡
kht + klt

¢
/ (2n)

¢α
, (3.27)

where τ̂ is a constant solving

τ̂ = z (ω (τ̂)) (3.28)

Proof : See the appendix.

Four remarks about this proposition are in order. First, the political decision

on the social security tax rate depends on wealth inequality. Moreover, it is easily

seen that τ t increases in kht /k
l
t. That is to say, the larger the wealth inequality,

the more political support the social security programme receives. Social secu-

rity as an inter-generational redistribution policy has been widely studied in the

literature. The within-cohort redistributive components of the pension system

are often neglected, however. In the context of the present model, social security

benefits the old poor more than the old rich. This is implied by (3.20), which

shows that the welfare effect of τ t, ∂U
o,j
t /∂τ t, is heterogeneous and negatively

related to the wealth holdings of the old. However, social security has no intra-

generational redistributive effect on young households. In the appendix, we show

that
∂Uy,j

t

∂τ t
= −1 + βα

1− τ t
, (3.29)

i.e., τ t has the same welfare effect on young households with different labour

productivity. This homogenous effect is primarily due to the symmetric effect

of τ t on the private saving k
j
t+1, as discussed in the preceding section. It is also

worth mentioning that due to the logarithmic specification, aggregate capital

kt is additively separable in the utility function. Hence, the decision of τ t is

independent of the kt. This property does not hold under a more general utility

form, which will be studied in Section 5.

Second, the conditions in Proposition 1 characterize the politico-economic

environment where social security system can be sustained in the Markov equi-

librium. For υα < 1 to hold, a small n or α is needed. A small n implies a

large share of old in the population and hence, a larger number of agents directly
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benefiting from the pension system. A low α implies that the interest rate Rt+1

is rather elastic to aggregate capital kt+1. This amplifies the general equilibrium

effect and mitigates the negative welfare effect of τ t on young households, which

can be seen directly from (3.29). So a small n and α reinforce the political con-

stituency of the social security system. When υα ≥ 1, the intra-generational

redistribution becomes the key. There would be no social security system in an

economy without within-cohort heterogeneity. However, a social security system

can be sustained as long as there exists a sufficiently high level of wealth inequal-

ity among old households. Therefore, when υα ≥ 1, political support for a social
security system largely comes from old households with low wealth which requires

positive social security transfers.

Third, (3.26) and (3.27) imply that τ t does not affect future wealth inequality

in the Markov equilibrium. Once more, this is due to the symmetric effect of

τ t on the private saving under logarithm utility. Since the social security tax

rate is determined by wealth inequality as shown in (3.24), the strategic effect

under logarithm utility is mute, i.e., ∂τ t+1/∂τ t = 0.18 That is to say, although

current voters can in principle influence future political outcomes via affecting

future wealth inequality, they are actually unable to do this in the competitive

equilibrium. The lack of any strategic effect is due to the fact that future wealth

inequality is independent of the current social security tax rate, as stated in

Lemma 1. This independence breaks down the dynamic link between τ t and τ t+1

in the Markov equilibrium. As will be seen in Section 5, the strategic effect arises

under a more general utility case, where the choice of τ t may affect future wealth

inequality and thus, future policy outcomes.

Finally, τ̂ which satisfies (3.28) is the rational expectation of the future tax

rate. Given expectation τ̂ , agents make intertemporal choices so that the future

wealth inequality will be equal to ω (τ̂). For expectation τ̂ to be self-fulfilled, it

must equal that implied by the policy rule, i.e., τ̂ = z (ω (τ̂)). Due to the rather
complicated expression of z (ω (τ̂)), we are unable to characterize analytically the
solution of (3.28). Extensive numerical experiments show that the self-fulfilled

expectation τ̂ is unique. Note that the formation of the rational expectation on

18 (3.24) implies z1

¡
kht , k

l
t

¢
/z2

¡
kht , k

l
t

¢
= −klt+1/k

h
t+1. Moreover, (3.26) and (3.27)

give Ŝh2 (kt, τ t) /Ŝ
l
2 (kt, τ t) = kht+1/k

l
t+1. Plugging these two results into (3.22) establishes

∂τ t+1/∂τ t = 0.
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the future tax rate holds for any time t ≥ 1. Hence, all future tax rates are

determined by equation (3.28) and independent of kh0/k
l
0 and τ 0. Since the future

tax rate is a constant and does not change over time, it is immediate that τ t = τ̂

and kht /k
l
t = ω ((τ̂)) for t ≥ 1. The constant wealth inequality after the initial

period is due to the mute effect of the current tax rate on future wealth inequality

and policy outcomes, as discussed above. It is worthy emphasizing that τ t for

t ≥ 1 does follow policy rule z in the Markov equilibrium. The constant tax rate

is due to the fact that wealth inequality becomes a constant ω (τ̂) after the initial

period.

Now we can characterize the dynamics of wealth inequality and social security.

Suppose that the voting for social security is unanticipatedly launched at time

0. This means that τ t = 0 for t < 0 and agents born at time t < 0 anticipate

zero tax rates in future. (3.9) implies that the initial wealth inequality kh0/k
l
0

equals income inequality θ, which gives τ 0 = z (θ) by policy rule z. In the
periods after the initial one, wealth inequality and tax rate are equal to ω (τ̂)

and τ̂ , respectively, as shown above. Therefore, kht /k
l
t and τ t converge to the

steady state in two periods. Moreover, by ω (τ̂) ≥ ω (0) = θ, the positive tax

rate increases future wealth inequality. This leads to a growing size of social

security.19 To conclude, we have

Corollary 1 Assume that u (c) = log (c). Then in the Markov perfect equilib-

rium,

(i) Wealth inequality and the social security tax rate converge to the steady

state in two periods.

(ii) The subsequent wealth inequality and social security tax rates are higher

than the initial one.

Note that the dynamic social security is not decided by the government with

a commitment technology. Instead, the system is repeatedly determined by the

political fundamental, i.e., wealth inequality. Forward-looking households, ra-

tionally perceiving the link between wealth inequality and social security, would

adjust their private savings accordingly. In particular, Corollary 1 shows that

19 Formally, the tax rate τ t at any time t ≥ 1 is equal to z (ω (τ̂)), which is greater than the

initial tax rate τ0 = z (ω (0)).
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this interaction leads to a growing size of social security in the dynamic politico-

economic equilibrium. The underlying mechanism is twofold. On the one hand,

the establishment of a social security system increases future wealth inequality

since within-cohort transfers discourage the private savings of the poor more than

the rich. On the other hand, the larger wealth inequality makes social security

transfers more desirable in the future. This provides the political support for an

increasing size of social security in the following periods.

3.1 Empirical Implications

This subsection investigates the empirical predictions of the model. Although

the two-period OG model is very stylized, we would like to see if its predictions

are broadly consistent with the facts. First, we assess the quantitative impor-

tance of the dynamic interaction between kht /k
l
t and τ t, and then compare the

evolution of the size of social security with data from the OECD countries. The

parameter values are set as follows. α = 0.36, as widely adopted in the litera-

ture of macroeconomics (e.g. Prescott, 1986). Each period in the OG model is

assumed to contain 30 years. The annual discounting rate equals 0.98. Then,

β = 0.9830 and n = 1.384, the latter corresponding to the gross growth rate of

the U.S. population between 1970 and 2000 (Gonzalez-Eiras and Niepelt, 2004).

A is calibrated such that the steady state k without a social security system is

equal to unity. Set γl = 0.5, i.e., the labour productivity of the rich is three times

higher than that of the poor.20 Suppose that voting for a social security system

is unanticipated launched at time 0. The initial wealth inequality kht /k
l
t equals

the income inequality θ = 3. Let k0 = 1/2, i.e., the economy is half-way from the

steady state before the establishment of a social security system. By Proposition

1, k0 has no effect on kht /k
l
t and τ t. Table 1 provides details on the evolution of

wealth inequality, social security tax rates, factor prices and the consumption of

different groups of households.

Table 1: Politico-Economic Equilibrium under Logarithm Utility

20 A different γl only changes the size of the social security system, but has little impact on

its evolution, which is determined by the change in wealth inequality and not by its level.
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t = 0 t = 1 t =∞
kh/kl 3.000 3.637 3.637

τ 0.100 0.119 0.119

R 3.437 3.006 2.849

w 2.208 2.380 2.454

co,h 3.634 4.267 4.453

co,l 1.416 1.459 1.519

cy,h 1.991 2.101 2.165

cy,l 0.706 0.745 0.767

Table 1 shows that after the introduction of a social security system, wealth

inequality kht /k
l
t increases from 3 to 3.64 in one period and remains at that level.

21

By policy rulez, τ 0 = 10% and τ t = 11.9% for t ≥ 1. The increase in τ t driven by
the endogenous change in kht /k

l
t is quantitatively significant. The social security

tax rate increases by nearly 20% within one period, which corresponds to 30 years

in the present model. The significant increase in the size of the social security

programme is broadly consistent with the evolution of the pension system in the

OECD countries. Most OECD countries established sophisticated social security

systems after World-War II. As reported in Table 2, social security transfers grew

steadily during the post-war period. The picture remains almost the same if

the sample is separated into two sub-groups: one with small countries and the

other with G-7. From 1960 to 1985, social security transfers as a percentage of

GDP nearly doubled among the OECD countries. It may be doubted whether the

increase in the size of social security is caused by the aging population. According

to Breyer and Craig (1997), the average public pension benefits per pensioner in

the OECD countries tripled from 1960 to 1980, rising from $1546 in 1960 to $4653

in 1980, expressed in 1982 US dollars. The increase in social security benefits per

retiree remains sizable after excluding the effect of economic growth.22

Table 2: Social Security Transfers as Percentage of GDP

21 The increase in wealth inequality by 21% seems close to the result in a recent quantitative

study (Fuster et al., 2003). Fuster shows that introducing social security increases the Gini

coefficient of the distribution of assets by 27%, from 0.51 to 0.65.
22 The average annual and gross economic growth rates during 1960 and 1980 in the OECD

countries are equal to 2.96% and 1.79, respectively.
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1960 1968 1970 1974 1980 1985

All OECD Countries 7.87
(3.69)

9.94
(4.05)

9.85
(3.71)

11.31
(3.97)

14.24
(5.47)

15.60
(5.26)

Small Countries 7.63
(3.84)

9.90
(3.98)

9.95
(3.83)

11.35
(4.32)

14.71
(6.21)

15.97
(5.83)

G-7 8.40
(3.57)

10.03
(4.50)

9.66
(3.72)

11.21
(3.42)

13.21
(3.57)

14.79
(4.05)

Notes: Standard errors are in parentheses.

Incorporating within-cohort heterogeneity, our model also provides a number

of empirical predictions on the within-cohort consumption inequality over the life

cycle. Though social security enlarges wealth inequality (excluding social security

transfers), it does narrow the within-cohort consumption inequality. Without

social security system, consumption inequality is equal to income inequality, i.e.,

co,ht /co,lt = cy,ht /cy,lt = 3 ∀t < 0. After the establishment of a social security

system, there is a significant decline in the inequality in the consumption of

young households, with cy,r0 /cy,p0 = 2.820, cy,r1 /cy,p1 = 2.820 and cy,r∞ /cy,p∞ = 2.823.

Increasing future social security benefits reduces the private savings of the poor

more than those of the rich, as indicated by Lemma 1. That is to say, the poor

would increase their consumption more than the rich in the first period of their

life. On the other hand, the inequality of the old households’ consumption co,rt /co,pt

drops sharply to 2.566 at time 0, then rebounds by co,r1 /co,p1 = 2.925 and converges

to 2.932. In the initial period, old households receive social security transfers

without paying any contribution. Thus, the social security system can sharply

reduce the consumption inequality of old households at t = 0. In subsequent

periods, the net social security transfers are much smaller than the initial period,

according to the constant τ t for t ≥ 1. The effect of social security on long-run
consumption inequality co,rt /co,pt becomes rather weak. Note that there are two

opposite effects of social security transfers on the consumption inequality of the

old. First, lump-sum social security transfers directly reduce the consumption

inequality of the old. Second, the asymmetric effect of future transfers enlarges

the wealth inequality of old households in the future. This gives the old less

to consume and thus indirectly increases consumption inequality. The positive

indirect effect turns out to be dominated by the negative direct effect, since the

introduction of social security reduces the consumption inequality of the old, as

shown in Table 1.
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Figure 1: Comparative Statics of the Social Security Tax Rate with respect to

Population Growth under Logarithm Utility.

The above results suggest that our model predicts a positive correlation be-

tween age and within-cohort consumption inequality, except in the initial pe-

riod. This is consistent with empirical evidence (e.g. Deaton and Paxson, 1994).

In the literature, the increasing consumption inequality with age are often ex-

plained by uninsurable earning shocks (e.g., Deaton and Paxson, 1994, Storeslet-

ten, Telmer and Yaron, 2004). The present paper, however, emphasizes the role

of the social security system. To see this, first note that consumption inequality

is a constant over the life cycle, when there is no social security system (recall

co,ht /co,lt = cy,ht /cy,lt = 3 ∀t < 0). Hence, incorporating within-cohort heterogene-

ity per se does not produce the increasing consumption inequality over the life

cycle. As discussed in the preceding paragraph, social security tends to narrow

the consumption inequality of both the young and the old. However, the effect

on the young turns out to be significantly larger than on the old, since the direct

effect of the lump-sum transfers on co,ht /co,lt is largely cancelled out by the oppo-

site indirect effect via increased wealth inequality. The asymmetric effect of social

security on cy,ht /cy,lt and co,ht /co,lt yields the increasing consumption inequality over

the life cycle.
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Figure 2: Comparative Statics of the Social Security Tax Rate with respect to

Income Inequality under Logarithm Utility.

Our model also provides predictions on the impact of demographic structure

and income inequality on the size of the social security system. The impact on

τ 0 and τ t for t ≥ 1 is referred to as the transitory and the permanent effect,

respectively. Figure 1 plots τ 0 and τ t for t ≥ 1 with respect to n. A lower n

leads to a larger size of old households. This raises the weight on the welfare

of the old in the political decision process, and thus increases social security

transfers. The positive relationship between the size of social security and the

old-aged population is consistent with the cross-country data (e.g. Tabellini,

2000, Mulligan and Sala-i-Martin, 1999a).

Figure 2 plots τ 0 and τ t for t ≥ 1 with respect to θ. Larger income inequality
leads to larger wealth inequality and makes within-cohort redistribution more

desirable in the future. The permanent effect produces a positive relationship

between income inequality and the size of the social security system. The em-

pirical studies based on the cross-country data give somewhat ambiguous results,

however. Tabellini (2000) shows that the sizes of social security transfers are pos-

itively correlated with income inequality. But a puzzling negative correlation can

also be found in the literature (e.g., Lindert, 1996 and Rodriguez, 1998). The
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time-series evidence is also mixed. Early tests provide supports for a positive

correlation (Meltzer and Richard, 1983). But a recent study (Rodriguez, 1999)

shows that there is no significant relationship between income inequality and the

size of social security transfers. These ambiguous findings do not necessarily con-

tradict our model, however. As can be seen from Figure 2, income inequality θ

in fact has no transitory effect on the size of social security, which is solely de-

termined by wealth inequality according to Proposition 1. Therefore, our model

suggests that it be more appropriate to test the time-series relationship between

wealth inequality and social security, instead of that between income inequality

and social security.

4 Ramsey Solution

It is instructive to compare the outcomes in the political equilibrium with the

Ramsey solution. To this end, we characterize the efficient allocation, where a

benevolent planner with a commitment technology sets the sequence of tax rates

{τ t}∞t=0 so as to maximize the sum of the discounted utilities of all generations.

The planner’s constraint is that the chosen policy should be implementable as a

competitive equilibrium. The corresponding programme of the Ramsey problem

is

max
{τ t}∞t=0

X
j=h,l

u
¡
co,j0

¢
+

∞X
t=0

ρt+1

ÃX
j=h,l

¡
u
¡
cy,jt
¢
+ βu

¡
co,jt+1

¢¢!
, (3.30)

subject to individuals’ budget constraints (3.2) and (3.3), factor prices (3.4) and

(3.5), the balanced-budget rule (3.6), private saving functions (3.7) and (3.8), and

the law of motion of aggregate capital (3.11). ρ ∈ (0, 1) is the intergenerational
discount factor. We assume that ρ ≡ βn, i.e., the planner weighs generations by

their sizes and discounts their welfare by households’ discount factor. Compared

with the political decision problem (3.13), the efficient allocation problem (3.30)

has two distinctive features. First, the Ramsey planner cares about the welfare

of all future generations, and second, she has the ability to commit to future

policies.

For notational convenience, It,t+i ≡ ∂kt+i/∂τ t is denoted as the impact of τ t
on the future capital stock kt+i for i ≥ 1, as implied by the law of motion of
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capital (3.11):

It,t+i =

⎧⎨⎩
∂kt+i

∂kt+i−1

∂kt+i−1

∂kt+i−2
· · ·
³
∂kt+1

∂τ t
+ ∂kt+1

∂kt
∂kt
∂τ t

´
∂ki

∂ki−1

∂ki−1

∂ki−2
· · · ∂k1

∂τ0

for t ≥ 1
for t = 0

. (3.31)

The second line of (3.31) is due to the fact that k0 is predetermined. τ t also

affects the capital stock at time t, since τ t may influence the private savings in

the preceding period. Its impact, denoted by It,t, is equal to

It,t =

(
∂kt
∂τ t

0

for t ≥ 1
for t = 0

. (3.32)

I0,0 = 0 since k0 is predetermined. Note that τ t directly influences the welfare

of the agents born at time t and t − 1 by affecting their after-tax net earnings
and social security benefits, respectively. In addition, τ t indirectly influences

the welfare of agents born at time t and afterwards via its impact on capital

accumulation It,t+i. τ t has no effect on the agents born before time t− 1.
Following the same procedure as in the preceding section, let us look at the

impact of the social security tax rate τ t on the welfare of various groups of house-

holds. Due to the envelope argument based on the Euler equation, the welfare

effect of τ t on agents born at time t−1, denoted by ∂Uy,j
t−1/∂τ t, parallels its effect

on old households at time t, denoted by ∂Uo,j
t /∂τ t. Specifically,

∂Uy,j
t−1

∂τ t
= β

∂Uo,j
t

∂τ t
= β

µ
u0
¡
co,jt
¢
nwt + u0

¡
co,jt
¢µ

kjt
∂Rt

∂kt
+ nτ t

∂wt

∂kt

¶
It,t

¶
, (3.33)

where It,t follows (3.32). The first term on the RHS of (3.33) reflects the direct

effect of τ t, which increases social security transfers and thus benefits old house-

holds at time t. The second term captures the general equilibrium effect of τ t
through It. Compare (3.33) with (3.19), we see that the general equilibrium effect

is absent in the political decision process, where voters take kt as given. In the

Ramsey problem, the planner has the abilities to commit to future policies. Thus,

she must take into account the impact of τ t on kt, for t ≥ 1. As shown in the
preceding section, the general equilibrium effect is twofold. The negative It,t re-

duces kt and thus, the social security tax base. But a low kt increases the interest

rate. The interest rate effect dominates if τ t or wealth inequality is not too large.

The positive overall general equilibrium effect implies that the marginal benefit

of τ t to old households at time t in the Ramsey problem tends to be larger than
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its counterpart in the political decision process. It is worth mentioning that for

t = 0, the welfare effect of τ 0 on old households at time 0 equals its counterpart

in the political decision as shown in (3.19):

∂Uo,j
0

∂τ 0
= u0

¡
co,j0

¢
nw0, (3.34)

since the capital in the initial period is predetermined (I0,0 = 0). The following

Lemma shows that, as in the political decision process, a high social security tax

rate τ t always benefits old households at time t (or agents born at time t− 1).

Lemma 2 Assume that u (c) = log (c). In the Ramsey problem, the welfare effect

of τ t on old households at time t equals

∂Uo,j
t

∂τ t
=

⎧⎪⎨⎪⎩
(1+β)(φ(τ t)+τ tφ

0(τ t))
αγj+τ tφ(τ t)

− β(1−α)φ0(τ t)
φ(τ t)

> 0
1−α

2α
k
j
0/k

i
0

1+k
j
0/k

i
0

+(1−α)τ0

> 0
for t ≥ 1
for t = 0

. (3.35)

The first line of (3.35) is proved in the appendix and the second line simply

follows (3.20). To conclude, the welfare effect ∂Uo,j
t /∂τ t in the Ramsey problem

tends to be larger than in the political decision process via the general equilibrium

effect, except that they are equivalent for t = 0, when the general equilibrium

effect is absent in both cases.

The social security tax rate τ t also affects the welfare of all generations born

at time t and afterwards. The welfare effect of τ t on young households at time

t+ i equals

∂Uy,j
t+i

∂τ t
= −u0

¡
cy,jt+i

¢
γjwt+i + u0

¡
cy,jt
¢
γj
∂wt+i

∂kt+i
It,t+i

+βu0
¡
co,jt+i+1

¢µ
kjt+i+1

∂Rt+i+1

∂kt+i+1
+ nτ t+i+1

∂wt+i+1

∂kt+i+1

¶
It,t+i+1.(3.36)

As in (3.21), the first term in (3.36) reflects the direct cost of social security taxes

for young households. The second and third terms are the general equilibrium

effects via It+i and It+i+1. Note that for i ≥ 1, the welfare effect ∂Uy,j
t+i/∂τ t does

not enter the political decision on τ t, since the welfare of future generations is

ignored in electoral competition. For i = 0, a comparison between (3.36) and

(3.21) reveals that ∂Uy,j
t /∂τ t in the Ramsey problem differs from its counterpart

in the political equilibrium in two respects. First, the planner takes into account
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the negative impact of τ t on kt+i, which reduces the social security tax base at

time t+i. This negative general equilibrium effect is captured by the second term

on the RHS of (3.36). In the political equilibrium, voters at time t would take

kt as given and hence, ignore the negative impact. Second, there is no strategic

effect in the Ramsey problem, since the planner can commit to future policies.

However, we have shown that the strategic effect is mute under logarithm utility.

Therefore, the welfare loss of τ t to the current young households in the Ramsey

problem is greater than the political equilibrium, due to the negative general

equilibrium effect.

Lemma 3 Assume that u (c) = log (c). In the Ramsey problem, the welfare effect

of τ t on young households at time t+ i is equal to

∂Uy,j
t+i

∂τ t
=

(
− (1+βα)αi

1−τ t + (1+βα)αi+1φ0(τt)
φ(τ t)

< 0

− (1+βα)αi

1−τ t < 0

if t ≥ 1
if t = 0

. (3.37)

The proof is given in the appendix. Four remarks are in order. First,

∂Uy,j
t+i/∂τ t < 0 shows that τ t incurs a net welfare loss to all generations born

at time t and afterwards. Second, the welfare effect only depends on τ t, due

to the additive separability implied by logarithm utility. The irrelevance of fu-

ture capital stocks and tax rates remarkably simplifies the characterization of the

Ramsey allocation. Third, τ t has the same effect on the welfare of the poor and

the rich, due to the symmetric effect of τ t on private savings k
j
t+1, as discussed in

Section 2. Finally, from (3.37) and (3.29), it can directly be seen that for t ≥ 1,
the marginal welfare loss of τ t to the current young households in the Ramsey

problem is greater than the political equilibrium due to the negative general equi-

librium effect caused by It,t, which reduces the social security tax base. In the

initial period (t = 0), these are equivalent since I0,0 = 0.

Now, the first-order conditions of (3.30) with respect to τ t can be written as:

X
j=h,l

∂Uo,j
t

∂τ t
+

∞X
i=0

Ã
ρi+1

X
j=h,l

∂Uy,j
t+i

∂τ t

!
+ λt = 0. (3.38)

Plug (3.34) and (3.37) into (3.38), we can solve τ 0.

Proposition 2 Assume that u (c) = log (c). In the Ramsey solution,
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(i) the initial social security tax rate

τ 0 =

(
H
¡
kh0/k

l
0

¢
> 0

0

if υα < 1

if υα ≥ 1 and kht /klt > Θ (υ)
, (3.39)

where H (·) follows (3.25) with υ ≡ ρ (1 + αβ) / ((1− ρα) (1− α)).

(ii) τR0 R τM0 if and only if ρ Q n/ (1 + αn), where τR0 and τM0 denote the

initial tax rate in the Ramsey solution and the Markov political equilibrium, re-

spectively.

Proof is given in the appendix. The first part of Proposition 2 states that

the initial tax rate τ 0 is determined by the initial wealth inequality kh0/k
l
0, which

parallels Proposition 1 in the political equilibrium. A high kh0/k
l
0 leads to a

high τ 0, due to the within-cohort redistributive effects of τ 0. The second part

of the proposition compares the initial tax rate in the Ramsey solution with its

counterpart in the political equilibrium. There are two opposite effects which

drive the political outcome τM0 to deviate from the efficient allocation τR0 . To see

this, we rewrite the first-order condition of τ 0 (3.38) as

X
j=h,l

∂Uo,j
0

∂τ 0
+ n

X
j=h,l

∂Uy,j
0

∂τ 0
+ λt +

∞X
i=1

Ã
ρi
X
j=h,l

∂Uy,j
i

∂τ 0

!
− (n− ρ)

X
j=h,l

∂Uy,j
0

∂τ 0
= 0.

(3.40)

The first three terms one the LHS of (3.40) coincide with the LHS of (3.23),

i.e. the first-order condition in the political decision process.23 The fourth term

reflects the negative impact of τ 0 on the welfare of households born after the initial

period via capital accumulation (see Lemma 3). This negative impact is ignored

in the political decision process where voters are short-lived and do not care about

future generations. This is referred to as political effect I, which makes τM0 higher

than τR0 . The fifth term on the LHS of (3.40), referred to as political effect II,

illustrates the discrepancy between the weight on the current young households in

the political decision process and the Ramsey problem. Recall that ρ ≡ βn < n.

The Ramsey planner would like to impose a higher τ 0 since the weight on the old

is higher than in the political decision process. For ρ > n/ (1 + αn), the second

effect dominates the first, and vice versa. Intuitively, a high α incurs a large

23 Note that for t = 0, ∂Uo,j
0 /∂τ0 is the same in both of the Markov political equilibrium and

the Ramsey problem, so as ∂Uy,j
0 /∂τ0 (see Lemma 2 and 3).
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welfare loss via capital accumulation and hence, amplifies the first effect, while

a high n or a low ρ weakens the second effect. As will be shown below, political

effect II dominates political effect I under reasonable parameter values.

Now we proceed to τ t for t ≥ 1. Plug (3.35) and (3.37) into (3.38), one can
find that τ t is a constant over time. In the appendix, we prove the following

proposition.

Proposition 3 Assume that u (c) = log (c). In the Ramsey solution,

(i) The social security tax rate converges to steady state in two periods.

(ii) The steady state tax rate τ̄ is unique. Denote

Ω ≡ (1− α) (1 + θ)2

2αθ
− 2n (1 + α+ βα− α2)

1− βnα
+
(1− α)2

1 + αβ
. (3.41)

If Ω > 0, τ̄ solves the equation L (τ̄) = 0 (see the appendix for the definition of

L (·)). τ̄ = 0 otherwise.

The first part of the proposition parallels Corollary 1 in the political equilib-

rium. The distinctive feature is that the effect of the initial wealth inequality on

the Ramsey social security tax rates only lasts one period. This should not be

surprising. As shown in Lemma 1, future wealth inequality solely depends on the

future tax rate. Thus, the planner can choose an optimal level of future wealth

inequality via the future tax rate, irrespective of the initial state. (3.41) gives the

condition that the social security system can be sustained or not in the Ramsey

allocation. It is immediate that Ω increases in θ but decreases in n. Intuitively,

a high income inequality θ increases the within-cohort redistributive benefit of

social security transfers. A high population growth rate n increases the weigh on

the welfare of future generations in the Ramsey problem, and thus makes social

security transfers more desirable. Figure 3 plots the threshold condition of θ im-

plied by (3.41) under α = 0.36 and β = 0.9830. Ω > 0 is satisfied for any θ above

the line in the figure. It can directly be seen that a high n requires a high θ to

sustain the social security system in the Ramsey allocation.

Table 3: Ramsey Solution under Logarithm Utility
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t = 0 t = 1 t =∞
kh/kl 3.000

(3.000)
3.000
(3.637)

3.000
(3.637)

τ 0.193
(0.100)

0.000
(0.119)

0.000
(0.119)

R 3.437
(3.437)

2.968
(3.006)

2.206
(2.849)

w 2.208
(2.208)

2.398
(2.380)

2.833
(2.454)

co,h 3.917
(3.634)

3.743
(4.267)

4.808
(4.453)

co,l 1.699
(1.416)

1.248
(1.459)

1.603
(1.519)

cy,h 1.729
(1.991)

2.327
(2.101)

2.750
(2.165)

cy,l 0.576
(0.706)

0.776
(0.745)

0.917
(0.767)

Note: The politico-economic equilibrium outcomes are in parentheses.

The values in Table 3 provide numerical examples on the Ramsey social se-

curity and its implications. The benchmark parameter values give ρ = 0.76 <

n/ (1 + αn) = 0.92. By the second part of Proposition 2, we have that τR0 =

19.3% < τM0 = 10.0%, i.e. the initial Ramsey social security tax rate is sub-

stantially higher than that in the political equilibrium. This suggests that the

political decision process gives too much weight on the welfare of young house-

holds and thus leaves insufficient transfers to the old households in the initial

period. Compared to the political equilibrium, the Ramsey allocation reduces

the initial consumption of the old rich and poor by 7.16% and 19.72%, respec-

tively, while it increases the initial consumption of the young rich and poor by

15.03% and 22.41%, respectively.

In terms of the long-run tax rate, it can easily be verified that Ω < 0 under the

benchmark parameter values. Thus, the second part of Proposition 3 implies that

τRt = 0 for t ≥ 1. That is to say, the efficient allocation does not support social
security in the long run, even if it plays a role of within-cohort redistribution.

This is because the zero tax rate substantially encourages capital accumulation.

The gain from more capital in the future outweighs the benefits from inter- and

intra-generational redistribution. Specifically, the move from the political equi-

librium to the Ramsey solution increases the steady state consumption of the

old rich and poor by 7.87% and 5.26%, respectively. The increase in the steady

state consumption of the young rich and poor amounts to 26.73% and 19.48%,
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respectively.

Figure 3: The Threshold Condition of θ for the Long-Run Social Security Tax

Rate to be Positive.

The zero social security transfers in the Ramsey solution are somewhat surpris-

ing. If there is no within-cohort heterogeneity, the first best allocation coincides

with the Ramsey solution (see Gonzalez-Eiras and Niepelt, 2004). If within-

cohort heterogeneity exists, it is straightforward that the social planner would

like to eliminate within-cohort consumption inequality. The first best outcome

cannot be implemented as a competitive equilibrium, however, since it implies

100% tax rate, which leads to zero capital stock. Moreover, as discussed above,

forward-looking households would adjust their intertemporal choices according to

future social security transfers. The higher social security benefits in the future

will lead to the larger wealth inequality, which considerably offsets the within-

cohort redistributive effects of social security.
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5 The Strategic Effect under CRRA Utility

So far, we have focused on logarithm utility. The social security tax rate being

independent of the aggregate capital stock under logarithm utility substantially

simplifies the analysis. However, many empirical studies suggest the elasticity

of intertemporal substitution to be less than unity. It is an open question to

what extent our results would be affected by the deviation from logarithm utility.

Particularly, the strategic effect ∂τ t+1/∂τ t in the Markovian political equilibrium

may arise under a less restrictive utility form. This section adopts the more gen-

eral CRRA utility function, to see whether the analytical results in the preceding

sections are robust with the presence of strategic effect. Specifically, we assume

u (c) =
c1−σ − 1
1− σ

(3.42)

where σ > 0 is the inverse of intertemporal substitution elasticity. Household

intertemporal choices, the political decision as well as the Ramsey problem on

social security tax rates are characterized in the appendix. Analytical solutions

cannot be obtained for σ 6= 1 so we resort to numerical methods.

The computational strategy for the Markov perfect equilibrium adopts a stan-

dard projection method with Chebyshev collocation (Judd, 1992). The basic idea

of the projection method is to approximate some unknown functions on a basis

of functional space. This method turns out to be efficient for time-consistent

problems in some recent research (Judd, 2003 and Ortigueira, 2004). As for the

Ramsey solution, we transform the infinite-horizon problem into a finite-horizon

problem by the truncated method (e.g. Jones, Manuelli and Ross, 1993). The

corresponding algorithms are provided in the appendix.
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Figure 4: The Markovian Equilibrium Policy Rule under σ = 3.

Let us first look at the Markovian political equilibrium. The equilibrium

policy rule z under σ = 3 is plotted in Figure 4. It can directly be seen that

∂τ t/∂k
h
t > 0 and ∂τ t/∂k

l
t < 0, which imply that social security transfers are

increasing in wealth inequality. Figure 5 plots the evolution of the social security

tax rate in the Markovian political equilibrium with different initial capital stocks.

The sizes of social security converge to the steady state along an increasing path

if the initial aggregate capital k0 is sufficiently large. If k0 is sufficiently low,

social security tax rates may evolve along an inverted-U curve. Recall that under

logarithm utility, the size of social security is independent of k0 (Proposition 1).

However, for σ 6= 1, k0 plays a role in the choice of taxes. Specifically, the cost

of τ 0 is negatively related to k0. With a low k0, the policymaker would like to

impose a low τ 0 to encourage capital accumulation, which benefits the current

young households via a larger tax base in the next period.
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Figure 5: The Evolution of the Social Security System under σ = 3.

The strategic effect (4.21) arises for σ 6= 1. To identify the strategic effect,

it is useful to study the myopic voting equilibrium where voters at time t have

rational expectation on τ t+1 but (incorrectly) disregard the strategic effect of the

current political decision τ t on τ t+1. The formal definition is given as follows.

Definition 2 A myopic voting political equilibrium is a doublet of private saving

functions Sj : R+ × [0, 1] × [0, 1] → R+, j ∈ {h, l}, and a sequence of social
security tax rates {τ t}∞t=0 such that

(1) Sj is solved by the Euler equation.

(2) {τ t}∞t=0 is solved by (3.13), subject to budget constraints (3.2), (3.3) and

private saving functions Sj.

Recall that in the log case, the strategic effect is mute and thus the myopic

equilibrium and the Markov equilibrium give the same solution. The dashed line

in Figure 5 plots the social security tax rates in the myopic voting equilibrium,
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which turns out to be slightly lower than in the Markov perfect equilibrium. The

discrepancy has its roots in the strategic effect. Under log utility, the private

savings of the poor and those of the rich decrease in τ t by the same propor-

tions. Thus, the current social security tax rate does not affect future wealth

inequality. For σ > 1, the incentive for income-smoothing changes asymmetri-

cally between the rich and poor. The asymmetric effects enlarge future wealth

inequality kht+1/k
l
t+1 and thus raise the future social security tax rate τ t+1 via the

equilibrium policy rule z. This gives rise to a positive strategic effect of τ t on
τ t+1. Hence, the current young households would like to strategically vote for

a higher τ t, since it incurs higher future social security benefits. The strategic

effect is quantitatively less important, however. The relative increase in the social

security tax rate due to the strategic effect is less than 5%.

Finally, we turn to the Ramsey solution. Figure 5 plots the Ramsey tax rates

over time. If k0 is sufficiently large, the Ramsey tax rates converge to the steady

state along an increasing path. If k0 is sufficiently low, they may evolve along an

inverted-U curve. The underlying mechanism is essentially the same as that in the

political equilibrium. Under σ = 3, the long-run Ramsey tax rate is slightly above

zero, but still substantially smaller than that in the Markov political equilibrium.

6 Conclusion

The redistributive transfers in the pay-as-you-go social security system create

conflicts of interest among various groups of households. The evolution of house-

holds characteristics may change the political support for the system over time.

Despite the extensive studies of the aggregate and distributive effects of social

security, most of the existing literature is silent on how the public decision on

social security responds to the time-varying political support in a dynamic envi-

ronment. In this paper, we analytically characterize the Markov perfect political

equilibrium in which private intertemporal choices and the repeated political de-

cision on social security are mutually affected over time. The main finding is that

the dynamic interaction between social security and wealth inequality may lead

to growing sizes of social security.

Our model also gives a number of other empirical predictions. We show that

consumption inequality increases in age, the size of social security is positively
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correlated with the old population and an income inequality shock has no imme-

diate effect on social security transfers. The evidence for these predictions can be

found in the literature. We also compared the political equilibrium with the effi-

cient Ramsey allocation. It turns out that the political decision process induces

too large social security transfers in the long run, since the short-lived voters

would ignore the negative impact of taxation on the welfare of future generations

via capital accumulation.

For analytical convenience, we impose a balanced budget on social security

transfers. A natural extension of the model would be to relax this assumption

and allow for government debt. Since the model predicts a positive correlation

between wealth inequality and social security, the direct test of our theory is to

investigate the dynamic comovement of wealth inequality and the size of the so-

cial security programme. The analysis of the time-series data and the extended

model with public debt is left for future researches.
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7 Appendix

7.1 Proof of Proposition 1

To solve the equilibrium policy rule, we first investigate a finite-period version of

the model. It will be shown that the limit of finite-horizon equilibria turns out

to be equivalent to the infinite-horizon equilibrium. Suppose that the economy

terminates at time T and that young households born at time T only live one

period.
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First consider the terminal period T . Since young households do not have any

intertemporal trade-off and cy,jT simply equals the net earning (1− τT ) γ
jwT , the

welfare effect of τT on young households at time T is equal to

∂Uy,j
T

∂τT
= −γ

jwT

cy,jT
= − 1

1− τT
. (3.43)

The welfare effect of τT on old households follows (3.20). Plugging (3.43) and

(3.20) into the first-order condition and assuming interior solution,X
j=h,l

1− α

2α
kjT /k

i
T

1+kjT /k
i
T

+ (1− α) τT
− 2n 1

1− τT
= 0. (3.44)

Note that the second order condition always holds. (3.44) gives a quadratic

equation of τT

∆ (υT ) τ
2
T + Φ (υT ) τT +

4υTα
2khT/k

l
T¡

1 + khT/k
l
T

¢2 − α = 0, (3.45)

where υT ≡ n/ (1− α).

Now, we turn to corner solutions. First consider the case where Φ (υT ) ≥ 0.
Since ∆ (υT ) > 0, there is a unique positive τT if and only if¡

khT/k
l
T

¢2
+ (2− 4υTα)

¡
khT/k

l
T

¢
+ 1 > 0. (3.46)

For υTα < 1, the condition always holds. Otherwise, we need

khT/k
l
T > 2υTα− 1+2

p
υTα (υTα− 1) or kht /klt < 2υTα− 1− 2

p
υTα (υTα− 1).

(3.47)

The first inequality in (3.47) is binding since 2υTα − 1 + 2
p
υTα (υTα− 1) > 1

for υTα ≥ 1. The other inequality in (3.47) cannot be satisfied since 2υTα− 1−
2
p
υTα (υTα− 1) < 1 for υTα ≥ 1. Second consider the case where Φ (υT ) < 0.

For υTα < 1, (3.46) ensures a unique positive τT . For υTα ≥ 1, there can be two
positive roots if the LHS of (3.46) is non-positive. This implies n < 1/ (2α)− 1
and contradicts the condition that n ≥ 1/α− 1, as implied by υTα ≥ 1.
To conclude, for υTα < 1, the Markovian policy rule at time T follows

τT = zT
¡
khT , k

l
T

¢
=

−Φ (υT ) +
s
Φ (υT )

2 − 4∆ (υT )
µ

4υTα2khT /k
l
T

(1+khT /k
l
T )

2 − α

¶
2∆ (υT )

. (3.48)
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For υTα ≥ 1, zT

¡
khT , k

l
T

¢
follows (3.48) if khT/k

l
T satisfies the first inequality in

(3.47) and is equal to zero otherwise.

Next we consider period T − 1. The policy rule zT
¡
khT , k

l
T

¢
at time T implies

zT
1 /zT

2 = −klT/khT . Some algebra manipulations establish
∂khT
∂τT−1

= Ŝh
2 (kT−1, τT−1) = −ω (τT )ψ (τT ) (kT−1/n)

α , (3.49)

∂klT
∂τT−1

= Ŝl
2 (kT−1, τT−1) = −ψ (τT ) (kT−1/n)

α . (3.50)

This gives Ŝj
2 (kT−1, τT−1) = Sj

2 (kT−1, τT−1, τT ). Moreover, substituting (3.49)

and (3.50) for Ŝj
2 in (3.22) leads to

∂τT
∂τT−1

= 0. (3.51)

According to Lemma 1, for any given τT , τT−1 does not affect the future wealth

inequality khT/k
l
T . Therefore, given the policy rule F

T as a function of khT/k
l
T ,

τT−1 has no impact on future policy outcome τT . The dynamic link between

τT−1 and τT breaks down and the strategic effect does not exist.

The welfare effect of τT−1 on young households follows (3.21). Using (3.51)

and the indirect utility approach discussed in the next subsection, we find

∂Uy,j
T−1

∂τT−1
= − 1 + βα

1− τT−1
. (3.52)

The welfare effect of τT−1 on the old households still follows (3.20). Plugging

(3.43) and (3.20) into the first-order condition and assuming interior solution, we

have X
j=h,l

1− α

2α
kjT−1/k

i
T−1

1+kjT−1/k
i
T−1

+ (1− α) τT−1

− 2n 1 + βα

1− τT−1
= 0, (3.53)

which gives a quadratic equation of τT−1

∆ (υT−1) τ
2
T−1 + Φ (υT−1) τT−1 +

4υT−1α
2khT−1/k

l
T−1¡

1 + khT−1/k
l
T−1

¢2 − α = 0, (3.54)

where υT−1 ≡ n (1 + αβ) / (1− α). The conditions for corner solutions can easily

be derived following the above procedures.

To conclude, for υT−1α < 1, the Markovian policy rule at time T − 1 follows

τT−1 = zT−1
¡
khT−1, k

l
T−1

¢
=

−Φ (υT−1) +

s
Φ (υT−1)

2 − 4∆ (υT−1)

µ
4υT−1α2khT−1/k

l
T−1

(1+khT−1/k
l
T−1)

2 − α

¶
2∆ (υT−1)

.

(3.55)
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For υT−1α ≥ 1, τT−1 follows (3.48) if khT−1/k
l
T−1 satisfies

khT−1/k
l
T−1 > 2υT−1α− 1 + 2

p
υT−1α (υT−1α− 1) (3.56)

and τT−1 is equal to zero otherwise.

It immediately follows that the only difference in zT−1 and zT lies in υT−1 =

n (1 + αβ) / (1− α) and υT−1 = n/ (1− α). Young households born at time

T −1 live for two periods and thus ∂Uy,j
T−1/∂τT−1 in (3.52) differs from ∂Uy,j

T /∂τT

in (3.43). Moreover, it can easily be seen that the political decision on τ t for

t < T −1 is exactly the same as in time T −1. The equivalence boils down to the
independence of ∂Uy,j

t /∂τ t on the future tax rate and the mute strategic effect,

as shown in (3.52) and (3.51), respectively. These two features transform the

dynamic problem into a static one. Consequently, the key parameter is υt = υT−1

for t < T − 1. The finite-horizon equilibria thus converge to the infinite-horizon
Markov perfect equilibrium in two periods.

Finally, we solve the private saving function S̃j. (3.24) implies thatz1

¡
kht , k

l
t

¢
/z2

¡
kht , k

l
t

¢
=

−klt+1/k
h
t+1. (3.16) and (3.17) can be rewritten as

Ŝh
2 = Sh

2

1 +z2

¡¡
Sl

2/S
h
2

¢
Sh

3 − Sl
3

¢
1 +z2

¡
(Sl/Sh)Sh

3 − Sl
3

¢ , (3.57)

Ŝl
2 = Sl

2

1 +z1

¡¡
Sh

2 /S
l
2

¢
Sl

3 − Sl
2S

h
3

¢
1 +z1

¡
(Sh/Sl)Sh

3 − Sl
3

¢ . (3.58)

Since Sl
2/S

h
2 = Sl/Sh, (3.57) and (3.58) give Ŝj

2 = Sj
2. The same argument es-

tablishes that Ŝj
1 = Sj

1, which implies that Ŝ
h and Ŝl follow (3.26) and (3.27),

respectively, with a constant τ̂ to be determined. Since future wealth inequal-

ity equals ω (τ̂), the equilibrium policy rule (3.24) implies that τ̂ solves (3.28).

Substituting z for τ t in Ŝj establishes S̃j. ¤

7.2 Proof of Lemma 2

We use the indirect utility approach to simplify the derivation of the welfare effect

of social security tax rates. Using individuals’ budget constraints (3.2) and (3.3),

factor prices (3.4) and (3.5), the balanced-budget (3.6), private saving functions

(3.7) and (3.8) and the law of motion of aggregate capital (3.11), after a bit

algebra, we can obtain the indirect utility of all generations born at time t in



Chapter 3. Dynamic Inequality and Social Security 91

terms of kt, τ t and τ t+1:

V j
t (kt, τ t, τ t+1) = (1 + βα)α log kt + (1 + βα) log (1− τ t)

+ (1 + β) log
¡
αγj + τ t+1φ (τ t+1)

¢
− β (1− α) log φ (τ t+1) .(3.59)

The indirect utility of the old households at time 0 is

Uo,j
0 = log

Ã
α

kj0/k
i
0

1 + kj0/k
i
0

+ (1− α) τ 0

!
+ α log k0. (3.60)

Differentiating (3.59), the welfare effect of τ t on the old households at time t

equals

∂Uo,j
t

∂τ t
=

∂V j
t−1

∂τ t
= (1 + β)

φ (τ t) + τ tφ
0 (τ t)

αγjA+ τ tφ (τ t)
− β (1− α)

φ0 (τ t)

φ (τ t)
(3.61)

for t ≥ 1. Differentiating (3.60) with respect to τ 0 yields the second line of (3.35).

This proves the lemma. ¤

7.3 Proof of Lemma 3

By (3.11), we know ∂kt+i/∂kt+i−1 = αkt+i/kt+i−1, ∂kt+1/∂τ t = −kt+1/ (1− τ t)

and ∂kt/∂τ t = φ0 (τ t) kt/φ (τ t). Thus, It,t+i can be written as

It,t+i =

⎧⎨⎩ αi−1kt+i

³
− 1

1−τ t + αφ0(τ t)
φ(τ t)

´
−αi−1 ki

1−τ0

for t ≥ 1
for t = 0

. (3.62)

According to the indirect utility function (3.59), the welfare effect of τ t on young

households at time t, for t ≥ 1, equals

∂Uy,j
t

∂τ t
=

∂V j
t

∂τ t
+

∂V j
t

∂kt

∂kt
∂τ t

= (1 + βα)

µ
− 1

1− τ t
+ α

φ0 (τ t)

φ (τ t)

¶
. (3.63)

The welfare effect of τ t on households born after time t is

∂Uy,j
t+i

∂τ t
=

∂V j
t+i

∂kt+i
It,t+i = (1 + βα)αi

µ
− 1

1− τ t
+ α

φ0 (τ t)

φ (τ t)

¶
(3.64)

for i = 1, 2, · · · . The second equality in (3.64) comes from the first line in (3.62).
(3.63) and (3.64) give the first line of (3.37). Finally, for t = 0, we have

∂Uy,j
0

∂τ 0
=

∂V j
0

∂τ 0
= −1 + βα

1− τ 0
(3.65)
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and
∂Uy,j

i

∂τ0
=

∂V j
i

∂ki
I0,i = −αi1 + βα

1− τ 0
(3.66)

for i = 1, 2, · · · . The second inequality in (3.14) comes from the second line in

(3.62). (3.65) and (3.66) give the second line of (3.37). ¤

7.4 Proof of Proposition 2

The first-order condition of (3.30) with respect to τ 0 is

X
j=h,l

∂Uo,j
0

∂τ 0
+

∞X
i=0

ρi+1

ÃX
j=h,l

∂Uy,j
i

∂τ 0

!
= 0, (3.67)

where ∂U j
i /∂τ 0 follows from (3.65) and (3.66). This leads toX

j=h,l

1− α

α
kj0/k

i
0

1+kj0/k
i
0

+ (1− α) τ 0

− 2ρ1 + βα

1− ρα

1

1− τ 0
= 0, (3.68)

which gives a quadratic equation of τ 0. Comparing (3.68) with (3.56), it is imme-

diate that the closed-form solution of τ 0 follows (3.39) with υ ≡ ρ (1 + αβ) / ((1− ρα) (1− α)).

A comparison of the two first-order conditions shows that τR0 R τM0 if and only if

β R 1/ (1 + αn) (recall ρ ≡ βn). ¤

7.5 Proof of Proposition 3

The first-order conditions of (3.30) with respect to τ t for t ≥ 1 are

X
j=h,l

∂Uy,j
t−1

∂τ t
+

∞X
i=0

ρi+1

ÃX
j=h,l

∂Uy,j
t+i

∂τ t

!
= 0. (3.69)

Substituting (3.63) and (3.64) for ∂U j
t−1/∂τ t and ∂U j

t+i/∂τ t, respectively, (3.69)

leads toX
j=h,l

µ
(1 + β) (φ (τ t) + τ tφ

0 (τ t))

αγj + τ tφ (τ t)

¶
−2ρ1 + βα

1− ρα

1

1− τ t
+2

µ
ρ
(1 + βα)α

1− ρα
− β (1− α)

¶
φ0 (τ t)

φ (τ t)
= 0.

(3.70)

(3.70) solves a constant τ t for t ≥ 1.
Note that the second order conditions are always satisfied. It immediately

follows that ∂2Uy,j
−1/∂τ

2
0 and ∂

2Uy,j
i /∂τ 2

0 are negative by (3.60), (3.65) and (3.66).
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(3.61) shows that ∂2Uy,j
t−1/∂τ

2
t < 0. Differentiating (3.63) and (3.64) with respect

to τ t establishes

sgn

Ã
∂2Uy,j

t+i

∂τ 2
t

!
= sgn

µ
α (1− α)

(α (1 + β) + (1− α) τ t)
2 −

1

(1− τ t)
2

¶
.

Since τ t ∈ [0, 1], it can easily be found that ∂2Uy,j
t+i/∂τ

2
t < 0 always holds.

Denote L (τ t) LHS of (3.70). After some algebra manipulations, L (τ t) can be

written as

L (τ t) =
X
j=h,l

Ã
(1− α)βα2 (1 + β)2

(α (1 + β) + (1− α) τ t) (γjα2 (1 + β) + α (1− α) (γj + β) τ t)

!

−2ρ1 + βα

1− ρα

1

1− τ t
− 2

µ
ρ
(1 + βα)α

1− ρα
− β (1− α)

¶
1− α

α (1 + β) + (1− α) τ t
.

The second order condition implies that L0 (τ t) < 0. This implies that the solution

of (3.70) is unique. It is straightforward that limτ t→1 L (τ t) = −∞ so there is a

strictly positive τ t if and only if L (0) > 0. This establishes (3.41).

7.6 CRRA Utility

Given (3.42), households’ problem (3.1) becomes

max
kjt+1

¡
cy,jt
¢1−σ − 1
1− σ

+ β

¡
co,jt+1

¢1−σ − 1
1− σ

, (3.71)

subject to (3.2) and (3.3). Households’ saving choice follows the Euler equation

co,jt+1/c
y,j
t = (βRt+1)

1/σ which solves (3.71). Using budget constraints (3.2) and

(3.3), factor prices (3.4) and (3.5) and balanced-budget (3.6), kjt+1 follows

kjt+1 = Gj (kt, τ t, τ t+1, kt+1) (3.72)

≡
γj
¡
Aα (kt+1/n)

α−1 β
¢1/σ

A (1− α) (1− τ t) (kt/n)
α −A (1− α) τ t+1k

α
t+1n

1−α¡
Aα (kt+1/n)

α−1 β
¢1/σ

+Aα (kt+1/n)
α−1

.

By kt+1 =
P

j=h,l k
j
t+1/2, (3.72) solves the private saving functions

kjt+1 = Sj (kt, τ t, τ t+1) , (3.73)

with

Sj
i =

Gj
i

1−
P

j=h,lG
j
4/2

, (3.74)
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for i = 1, 2, 3. Correspondingly, the aggregate saving function can be written as

kt+1 = S (kt, τ t, τ t+1) , (3.75)

with

Si =

P
j=h,lG

j
i/2

1−
P

j=h,lG
j
4/2

. (3.76)

Given the Markovian policy rule (3.14), the recursive form of the private and

aggregate saving functions can be solved.

kjt+1 = Ŝj (kt, τ t) , (3.77)

with

Ŝh
i =

Gh
i −z2

¡
Gh
iG

l
3 −Gl

iG
h
3

¢
−
¡
Gh
iG

l
4 −Gl

iG
h
4

¢
/2¡

1−Gl
3z2 −Gl

4/2
¢ ¡
1−Gh

3z1 −Gh
4/2
¢
−
¡
Gh

3z2 +Gh
4/2
¢ ¡

Gl
3z1 +Gl

4/2
¢(3.78)

Ŝl
i =

Gl
i −z1

¡
Gl
iG

h
3 −Gh

iG
l
3

¢
−
¡
Gl
iG

h
4 −Gh

iG
l
4

¢
/2¡

1−Gh
3z2 −Gh

4/2
¢ ¡
1−Gl

3z2 −Gl
4/2
¢
−
¡
Gl

3z1 +Gl
4/2
¢ ¡

Gh
3z2 +Gh

4/2
¢(3.79)

for i = 1, 2. The welfare effect, ∂Uo,j
t /∂τ t and ∂U

y,j
t /∂τ t, as well as the first-order

condition still follows (3.19), (3.21) and (3.23), respectively. These derivatives

will be used in the numerical solution, as will be seen in the next subsection.

Now, we turn to the Ramsey problem. The indirect utility of young households

at time t can be expressed as follows.

W j (kt, τ t, τ t+1, kt+1) ≡
¡
γjA (1− τ t) (kt/n)

α + τ t+1kt+1/α
¢1−σ

³
1 + β1/σ

¡
Aα (kt+1/n)

α−1¢1/σ−1
´σ

.

(3.80)

(3.73) and (3.80) solve the indirect utility function V j
t (kt, τ t, τ t+1) with

∂V j
t

∂kt
=

∂W j (kt, τ t, τ t+1, kt+1)

∂kt
+

∂W j (kt, τ t, τ t+1, kt+1)

∂kt+1

∂kt+1

∂kt
,

∂V j
t

∂τ t
=

∂W j (kt, τ t, τ t+1, kt+1)

∂τ t
+

∂W j (kt, τ t, τ t+1, kt+1)

∂kt+1

∂kt+1

∂τ t
,

∂V j
t

∂τ t+1
=

∂W j (kt, τ t, τ t+1, kt+1)

∂τ t+1
+

∂W j (kt, τ t, τ t+1, kt+1)

∂kt+1

∂kt+1

∂τ t+1
.

The welfare effect can be written as follows. For t ≥ 1,

∂Uo,j
t

∂τ t
=

∂V j
t−1

∂τ t
(3.81)
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and

∂Uy,j
t+i

∂τ t
=

⎧⎨⎩
∂V j

t+i

∂kt+i
It,t+i

∂V j
t

∂τ t
+

∂V j
t

∂kt
It,t

if i ≥ 1
if i = 0

. (3.82)

For t = 0, kt = 0 is predetermined and hence, I0,0 = 0. The first-order condition

of the Ramsey problem still follows (3.38).

7.7 Numerical Method for the Markovian Political Equi-

librium

A direct application of the projection method for the present problemwith hetero-

geneous agents is to approximate z, Ŝh and Ŝl by three two-dimensional n-order

Chebyshev polynomials with tensor products. Consequently, we need to pin down

3×n2 coefficients of the polynomials that satisfy the Euler equation and the first-

order condition (3.23). That is to say, the computation will be involved in solving

3× n2 nonlinear equations.

However, the analysis in the preceding subsection suggests that computing

functions Ŝj is not necessary. In fact, only the derivatives Ŝj
i , rather than the

function Ŝj, are of importance for the equilibrium policy rule z. The following
strategy substantially reduces the computational cost. Specifically, the number

of nonlinear equations drops from 3× n2 to n2. First, we approximate z by

z
¡
kh, kl

¢
=

nX
i=1

nX
j=1

aijφij
¡
kh, kl

¢
, (3.83)

where φij
¡
kh, kl

¢
are the tensor products of one-dimensional Chebyshev polyno-

mials. The second step is to pin down the partial derivatives appearing in the

first-order condition (3.23). Sj
i is easy to compute. Plugging z1, z2 and Sj

i

into (3.78) and (3.79), Ŝj
i can be solved. Finally, choose n points in the state

space
£
kh,min, kh,max

¤
and

£
kl,min, kl,max

¤
, respectively, by Chebyshev collocation.

The first-order condition (3.23) has to be satisfied for each point. Thus, the

functional equation is transformed into n2 nonlinear equations, which solve n2

unknown coefficients aij in (3.83).

Following Judd (1992), the accuracy of the approximation can be indirectly

assessed by the Euler equation error. Let z̃ be the approximated z. The Euler
equation error on any given pair

¡
kh, kl

¢
is measured by the percentage deviation
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from τ t implied by the approximated equilibrium policy rule z
¡
kh, kl

¢
to the

“true” optimal τ t that solves (3.23) as if z = z̃. The accuracy increases with
the order of Chebyshev polynomial. However, the improvement tends to be less

significant with higher degrees, which increase the computation cost exponen-

tially. In our case, the polynomial of 8-order turns out to be sufficient. The Euler

equation errors over 900 points that are uniformly collected in the state space are

computed. The maximum errors in all numerical experiments are below 10−3.

A common problem associated with the projection method is that the conver-

gence of the solution for unknown coefficients highly depends on the initial guess.

In a standard growth model, a good initial guess can be obtained by linearizing

the policy function around the steady state. This problem turns out to be much

more serious in the present environment since we essentially have no idea about

the steady state. Fortunately, we know the closed-form solution z under loga-

rithm utility.. So we adopt a simple continuation method, i.e., use the analytical

solution z as an initial guess for σ = 1 + ε. Some perturbations on the initial

guess are used to check the local convergence of the solution. The equilibrium

policy rule z turns out to be unique in the numerical experiments so far.

7.8 Numerical Method for the Ramsey Solution

Given the indirect utility V j
t , the Ramsey problem (3.30) can be rewritten as

max
{τ t}∞t=0 and {kt}

∞
t=1

X
j=h,l

Uo,j
0

¡
kj0, k0, τ 0

¢
+

∞X
t=0

ρt+1

ÃX
j=h,l

V j
t (kt, τ t, τ t+1)

!
, (3.84)

subject to the law of motion of aggregate capital (3.75). The first-order conditions

with respect to τ t and kt for t ≥ 1 are

X
j=h,l

∂V j
t−1

∂τ t
+ ρ

X
j=h,l

∂V j
t

∂τ t
= µt−1

∂kt
∂τ t

+ ρµt
∂kt+1

∂τ t
, (3.85)

ρ
X
j=h,l

∂V j
t

∂kt
= −µt−1 + ρµt

∂kt+1

∂kt
, (3.86)

where µt is the Lagrangian multiplier associated with kt+1. Let x̄ be the steady

state value of variable x. For notational convenience, we denote V̄ j
1 , V̄

j
2 and V̄

j
3 as

the steady states of ∂V j
t /∂kt, ∂V

j
t /∂τ t and ∂V

j
t /∂τ t+1, respectively. Similarly, S̄1,



Chapter 3. Dynamic Inequality and Social Security 97

S̄2 and S̄3 are referred to as the steady states of ∂St/∂kt, ∂St/∂τ t and ∂St/∂τ t+1,

respectively. Then (3.86) leads to

µ̄ = −
ρ
P

j=h,l V̄
j

1

1− ρS̄1

. (3.87)

Using (3.87), (3.85) impliesX
j=h,l

V̄ j
3 + ρ

X
j=h,l

V̄ j
2 +

ρ
¡
ρS̄2 + S̄3

¢
1− ρS̄1

X
j=h,l

V̄ j
1 = 0. (3.88)

Moreover, (3.75) gives

k̄ = S
¡
k̄, τ̄ , τ̄

¢
. (3.89)

(3.88) and (3.89) solve the steady state capital stock k̄ and the steady state social

security tax rate τ̄ .

Following Jones, Manuelli and Ross (1993), we adopt the truncated method to

solve the Ramsey allocation. Assume that the economy reaches the steady state

after period T . Then the infinite-horizon problem (3.84) can be approximated by

a finite-horizon one

max
{τ t}T−1

t=0 and {kt}Tt=1

X
j=h,l

Uo,j
0

¡
kj0, k0, τ 0

¢
+

T−1X
t=0

ρt+1

ÃX
j=h,l

V j
t (kt, τ t, τ t+1)

!
+Γ (kT , τ̄ , τ̄) ,

(3.90)

subject to the law of motion of aggregate capital (3.75). The value of continuation

Γ (kT , τ̄ , τ̄) is equal to

Γ (kT , τ̄ , τ̄) =
∞X
t=T

ρt+1

ÃX
j=h,l

V j
t (kT , τ̄ , τ̄)

!
, (3.91)

which corrects the error caused by "end effects". Therefore, standard nonlinear

programming techniques can be applied to solve (3.90). For interior solutions,

{τ t}T−1
t=0 may be directly solved by the first-order conditions. The effect of τ t on

Γ (kT , τ̄ , τ̄) is

∂Γ (kT , τ̄ , τ̄)

∂τ t
=

∞X
i=T

ρi+1

ÃX
j=h,l

∂V j
t+i

∂kt+i
It,t+i

!
=

ρT+1
P

j=h,l V̄
j

1

1− ρS̄1

It,t+T . (3.92)

Using (3.82) and (3.92), the first-order conditions of (3.84) with respect to τ t for

t ≥ 1 can be written asX
j=h,l

∂V j
t−1

∂τ t
+ ρ

X
j=h,l

∂V j
t

∂τ t
+

T−1X
i=0

ρi+1

ÃX
j=h,l

∂V j
t+i

∂kt+i
It,t+i

!
+
ρT+1

P
j=h,l V̄

j
1

1− ρS̄1

It,t+T = 0.

(3.93)
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Similarly, we have the first-order condition of (3.84) with respect to τ 0

X
j=h,l

∂Uo,j
0

∂τ 0
+ ρ

X
j=h,l

∂V j
0

∂τ 0
+

T−1X
i=0

ρi+1

ÃX
j=h,l

∂V j
i

∂ki
I0,i

!
+

ρT+1
P

j=h,l V̄
j

1

1− ρS̄1

I0,T = 0.

(3.94)

(3.93) and (3.94) constitute a nonlinear equation system which solves {τ t}T−1
t=0 .



Chapter 4

A Markovian Social Contract of

Social Security
∗

1 Introduction

In the preceding chapter, we have shown that probabilistic voting (by placing a

weight on the interests of all individuals in society) is one way of explaining why

a social security system can be sustained over time. However, this is arguably

not the most convincing one. In the real world we know that many young people

would be opposed to shutting down the system, even if this would imply for them

an immediate reduction in the tax burden. The support for the pension system

from the young generation may be explained by altruistic considerations vis-a-vis

the current old. However, it could also occur by the logic of the social contract

pointed out by Sjoblom (1985): self-interested agents perceive that future social

security benefits are somehow related to the present contribution.2 Thus, they

are willing to pay the contributions in expectation that the system will not be

terminated by the future generation. These considerations motivate us to study

a model where the social security system is sustained over time in a median

voter environment, and where the median voter is a net contributor rather than

a recipient.

∗ We thank Caroline Betts, Ayse Imrohoroglu, Michael Magill, Kjetil Storesletten, and
especially Fabrizio Zilibotti, for very helpful discussions.

2 To avoid the problem of temporal separation of contributions and benefits, some studies

assume the welfare of retirees to be weighted into the preference of the policymaker, by resorting

to altruism (Tabellini, 2000), probabilistic voting (Katuscak, 2002, Gonzalez-Eires and Niepelt,

2004, Song, 2005) or gerontocracy (Mulligan and Sala-i-Martin, 1999a).
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To formulate such a dynamic linkage between current contributions and future

benefits, the literature has so far relied on two approaches. The first approach

simply assumes away the temporal separation problem by allowing “once-and-

for-all-voting” in the sense that the initial median voter has full commitment

to future social security benefits.3 The second approach adopts the “trigger

strategy equilibrium”, where the expectation of future benefits can be self-fulfilled

in an infinite-horizon dynamic game with a system of constructed punishments.4

While certainly useful, trigger strategy equilibria are generically indeterminate

and hence, unable to provide sharp empirical predictions. Moreover, the collective

coordination on some specific form of punishment required by the trigger strategy

equilibrium seems hard to achieve in the real world economy.

This paper analyses the Markov perfect equilibrium which sustains the pay-

as-you-go social security system in a majority voting framework with intra-cohort

heterogeneity. In the class of equilibria investigated, we show that the decisive

voter is always middle-aged and associated with lower income.5 At first sight,

sustaining the pension system through Markov equilibria may seem desperate.

Under Markov strategies that only depend on the payoff-relevant state variables,

the current policy choice has no direct effect on future pension benefits. The

middle-aged contributors might thus optimally choose to overturn the system by

voting for zero social security taxes. However, our result shows that even if con-

tributions and benefits are temporally separated, there exists a Markovian social

contract through which the self-interested median voter has incentives to sustain

the system. The sustainability in this setup is twofold. First, the current pol-

icy choice indirectly affects the future policy outcomes via private intertemporal

decision, which forms a self-fulfilled expectation of future social security benefits

being positively related to current contributions. This solves the temporal sepa-

ration problem of benefits and contributions. Second, given the positive linkage,

the median voter has an incentive to support the system for intra-generational

3 See, among others, Browning (1975), Conesa and Krueger (1999), Persson and Tabellini

(2000, chapter 6).
4 See, among others, Cooley and Soares (1999) and Boldrin and Rustichini (1999).
5 According to the United Nations (2000), the four eldest countries in the world are Monaco,

Italy, Greece and Sweden with respectively 29, 22, 22 and 22 percent of their population above

age 60. Therefore, the voter of median age is not a retiree but a taxpaying worker, as pointed

out by Mulligan and Sala-i-Martin (1999b).
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redistribution. We prove the uniqueness of the differentiable Markov perfect

equilibrium in the space of linear functions.6 Numerical exercises show that the

equilibrium strategy in the space of differentiable nonlinear functions indeed con-

verges to the linear one. Our model gives a variety of empirical predictions that

are broadly consistent with the cross-country data. Particularly, the Markovian

social contract allows us to explain the empirical observation that there is an

insignificant or even negative relationship between inequality and social security

(or government) transfers. This relationship is hard to explain with the existing

theory, which implies that a higher level of inequality provides more political

support for redistributive legislation.7

Our model economy is a small open economy. There are three living gener-

ations in each period of time, the young, the middle-aged and the old. Agents

work in the first two periods of their life and retire in the third. Young agents

can make human capital investment to increase their labour productivity and

thus, their wage income. The state of the economy is characterized by the hu-

man capital of the middle-aged. All agents have linear utility on consumption

and human capital investment involves a quadratic loss for young agents. The

linear-quadratic preference helps obtain closed-form solution. Labour income of

the young and the middle-aged is taxed to finance the social security benefits of

the old. To capture the intra-generational redistributive effect of social security,

we introduce intra-cohort heterogeneity by assuming each agent to be born with

either high or low ability. Social security benefits are uniformly distributed across

different types of old agents.

We solve for the differentiable Markov perfect equilibrium where the policy

choice of the decisive voter is a differentiable function of the payoff-relevant state

variable, i.e., her human capital stock. In this class of equilibria, the middle-aged

agent with low ability, referred to as “the middle poor”, is always decisive un-

der repeated majority voting. Moreover, it turns out that future social security

benefits are positively related to the current contributions. On the one hand,

6 The dynamic strategic interaction may yield multiple equilibria, even if the strategies are

restricted to being linear. See, for example, Phelps and Pollak (1968), Lockwood (1996), and

Azariadis and Galasso (2002).
7 See, for example, Meltzer and Richard (1981), Alesina and Rodrik (1994), Persson and

Tabellini (1994).
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the current payroll tax rate distorts investment and reduces the human capital

stock of the median voter in the next period. On the other hand, a lower hu-

man capital stock implies a lower labour income, which reduces the cost of the

social security tax rate paid by the next period’s median voter. This induces her

to choose a higher tax rate. Due to the interaction between the economic and

political choices, individuals rationally expect that increasing current social se-

curity contributions has a positive effect on future benefits. The political choice

of the current contributions takes this link into consideration. Therefore, the

median voter would like to choose a tax rate equalizing the marginal cost of cur-

rent contributions and future marginal benefits. When income inequality is very

low, however, the marginal cost outweighs the benefits and the median voter will

choose zero tax rate. Positive social security taxes are sustained in equilibrium,

only if inequality is sufficiently large. This highlights the role of intra-generational

redistribution on the sustainability of the social security system.

The social security system entails both inter- and intra-generational redis-

tributive aspects. Therefore, the political decision on social security is deter-

mined by demographic factors as well as within-cohort inequality. In our model,

there are two effects of dependency ratio and income inequality on the size of

social security. First, there is a direct effect on the median voter’s policy choices.

Taking the equilibrium return of contributions implied by the social contract as a

parameter,8 a higher dependency ratio makes the inter-generational transfers less

desirable. The direct effect thus implies that the dependency ratio reduces the

social security transfers, as predicted by the existing theory. Second, dependency

ratio inequality affects the current median voter’s policy choices via its impact on

the equilibrium return of contributions. We refer to this channel, which has so

far largely been neglected in the literature, as the social contract effect. A higher

dependency ratio implies a lower quantity of labour supply and makes the future

tax base less elastic. This induces the middle-aged median voter to raise social

security taxes, which implies a high return of benefits to the past contributions.

In equilibrium, we obtain a positive relationship between dependency ratio and

the return to contributions. Consequently, a high dependency ratio tends to in-

crease transfers. Like the dependency ratio, income inequality has two opposite

8 We refer to the marginal return of future benefits to current contributions implied by the

social contract as the equilibrium return of social security contributions.
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effects on the size of social security. The sign of the overall impact depends on

which is the dominating effect.

The Markovian social contract gives rise to a variety of distinctive empirical

predictions. First of all, the social security tax rate converges to the steady state

along an increasing path. The intuition is the following. Suppose there to be no

social security system before the initial period. Since social security taxes distort

human capital investment, the median voter in the initial period has more human

capital than median voters in subsequent periods. As a result, the initial median

voter tends to vote for a lower tax rate because the cost of taxing human capital

is larger. Similarly, since the second period median voter has less human capital

than the initial period median voter but more than median voters in the following

periods, she would impose a tax rate higher than the initial tax rate but lower

than the future ones. The social security tax rate keeps growing until it converges

to the steady state.

Second, the growth of social security is positively correlated with the depen-

dency ratio and negatively correlated with income inequality. This result boils

down to the nature of the social contract effect. Social security growth reflects the

responsiveness of future transfers to current ones, a dynamic linkage embedded in

the equilibrium social contract. For the median voter, such an equilibrium rela-

tionship provides a positive return of social security benefits to the contributions.

As mentioned above, the social contract effect implies that the dependency ratio

(income inequality) has a positive (negative) impact on the equilibrium return.

A high equilibrium return makes future transfers more responsive to current ones

and hence, leads to a high growth in social security.

Third, the steady state size of social security is negatively correlated to the

dependency ratio but non-monotonically correlated to income inequality. Due

to the opposite impact of the direct and social contract effect, the sign of the

overall impact depends on which effect eventually dominates. Our numerical

results show that in the steady state, the social security tax rate decreases in the

dependency ratio, but turns out to be an inverted-U function of income inequality.

This indicates that the direct effect of the dependency ratio always dominates the

social contract effect. The direct effect of income inequality dominates the social

contract effect when inequality is sufficiently low, while the social contract effect

starts overshadowing the direct effect when inequality increases to some critical
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level.

We use data from OECD countries to examine the consistency between the

prediction of our model and the facts. The first prediction is clearly consistent

with the history of social security systems in the OECD, which features growing

sizes of social security. To test the second prediction, we regress the average

growth rate of social security benefits on the dependency ratio and income in-

equality. The results show that income inequality correlates negatively with social

security growth, as predicted by our theory. This provides empirical evidence for

the existence of the social contract effect. The demographic impact on the growth

of social security is not significant, however. Coherent with the third prediction,

the size of social security is positvely correlated with the dependency ratio but

negatively correlated with income inequality. Particularly, the latter result sug-

gests that the social contract effect of income inequality on the size of social

security outweighs the direct effect.

This paper contributes to the literature on the political sustainability of the

social security system in several respects. We show that under the temporal

separation of contributions and benefits, social security can be sustained by a

middle-aged median voter who plays Markov strategy. In previous efforts to con-

struct the linkage between future benefits and current contribution, future policies

are often conditioned on variables that are payoff-irrelevant for future policymak-

ers. The assumption of full commitment in once-and-for-all voting is obviously

far from realistic, though it substantially simplifies the analysis. A trigger strat-

egy approach makes a major theoretical advance by allowing repeated voting.

However, the dependence of policy choices on the payoff-irrelevant voting history

leads to the indeterminacy of political equilibria. The multiplicity of equilibria

may also exist in a non-trigger strategy approach. Azariadis and Galasso (2002),

for example, find multiple equilibria where the median voter conditions her voting

choices on capital stock. However, in their two-period OG model with exogenous

factor prices, capital held by the old is payoff-irrelevant for the young median

voter. A related but somewhat different problem can be found in Forni (2005),

who uses capital as the state in a general equilibrium framework. While being

payoff-relevant, capital per se does not affect the median voter’s choices of social

security. Capital affects the political choice if and only if the median voter ex-

pects future policies to be contingent on future capital. In our model, the linkage



Chapter 4. A Markovian Social Contract of Social Security 105

between policy choice and the state variable does not depend on expectations.

Therefore, our work indicates that the fundamental linkage between policy choices

and the payoff-relevant state variable may help overcome the indeterminacy of

equilibria.9

Another advantage of our approach over the once-and-for-all voting and trig-

ger strategy equilibrium is that the Markovian social contract generates nontrivial

dynamics and thus, provides an explanation for the evolution of social security

during the postwar period, while the size of social security is usually constant

over time in the two other approaches.10 The evolution of social security in our

model is induced by the positive linkage between future social security benefits

and current contributions, which serves as a necessary condition for the political

sustainability of social security. Therefore, our model shows that the growing

sizes of social security can be an intrinsic feature in the politico-economic equi-

librium. This complements some recent studies on the dynamic patterns of social

security, which resort to interactions between social security and private savings

(Katuscak, 2002) or wealth inequality (Song, 2005a).11

The role of intra-generational redistribution of social security is often neglected

in the literature. Our work shows that income inequality plays an essential role in

the sustainability of the system. Particularly, social security can be sustained in

a dynamic efficient economy if income inequality is not too low. Else, the system

cannot compensate the contributions paid by the median voter with lower income

and hence, will be overturned. This is in contrast with the existing Markovian

9 McCallum (1983) finds that in a wide-class of linear rational expectation models, non-

uniqueness of solutions occurs because unnecessary or ’extraneous’ components are permitted

to influence expected (and therefore actual) values of endogenous variables. Maskin and Tirole

(2001) argue that by preventing non-payoff-relevant variables from affecting strategic behavior,

Markov perfect equilibrium is often successful in eliminating or reducing a large multiplicity of

equilibria in dynamic game.
10 A notable exception is Boldrin and Rustichini (1999). However, their model predicts a

decreasing sequence of social security tax rates that is inconsistent with the data.
11 Social security would survive the backward refinement in Katuscak (2002) and Song (2005a),

which adopt a probabilistic voting framework. Our model as well as the previous studies using

trigger strategies, do not have the property. That is to say, social security can be sustained

only if the horizon is infinite. This is a natural result implied by the temporal separation of

costs and benefits, since the contributor in the last period will never vote for a positive social

security tax rate.
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approach, where the general equilibrium effect stands in the heart of the political

sustainability of the social security system in a dynamic efficient economy (Forni,

2005, Gonzalez-Eiras and Dirk Niepelt, 2004).

Within the context of empirical work, evidence on the relationship between so-

cial security and income inequality is far from onclusive. For example, Tabellini

(2000) finds that when applying cross-country regression (more than 40 coun-

tries), the size of social security is positively correlated with income inequality.12

However, an opposite negative relationship across the OECD has been repeat-

edly reported (e.g., Lindert, 1996 and Rodriguez, 1998) and further confirmed in

the present paper. Moreover, since social security constitutes the largest part of

government transfers, it would not be surprising to see the lack of positive cor-

relation between inequality and government transfers in the literature (see, e.g.,

Perotti, 1996 and Benabou, 1996). These empirical findings are in contrast to the

conventional wisdom that government transfers should be increasing in income

inequality. Taking into account the strategic interaction among median voters

over time, our model shows that the puzzling ambiguous correlation between in-

equality and social security (or government transfers) in the OECD can be well

explained by the social contract effect ignored in the existing theory.

The paper is organized as follows. Section 2 describes the economic envi-

ronment and the voting procedure. We characterize the political equilibrium in

Section 3. Section 4 examines the impact of income inequality and the depen-

dence ratio on the size and the growth rate of social security, respectively. In

section 5, we check the consistency of theory and empirical evidence. Section 6

concludes.

2 The Model Economy

Consider a small open economy inhabited by an infinite sequence of overlapping-

generations. Each generation lives three periods. An agent works in the first

two periods of her life and retires in the last. Labour supply in each of the first

two periods is inelastic and normalized to unity. Young agents can make human

capital investment to increase labour productivity.

12 Persson and Tabellini (2000, Chapter 6) note that the measure of inequality is bounded to

be imperfect for such a large sample of countries.
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There is heterogeneity within each cohort. Agents can either have high abil-

ity (ws) or low ability (wu), and will be referred to as the rich or the poor,

respectively. Let hjt be the human capital investment of a young agent born at

time t of type j, j = u, s. Human capital and wage income in her working ages

equal hjt and wjhjt , respectively.
13 In addition to the inter-generational transfer

component by which it is defined, the pay-as-you-go system also has important

intra-generational redistributive elements since social security contributions are

usually proportional to income, while benefits are more or less regressive.14 For

analytical convenience, following Conesa and Krueger (1999) and many others, we

assume that social security benefits are evenly distributed within old households.

Then, the life-time wealth Aj
t follows

Aj
t = (1− τ t)w

jhjt +
(1− τ t+1)w

jhjt
R

+
pt+2

R2
, (4.1)

where τ t is the proportional wage income tax rate levied on working generations

and pt+2 is the social security benefits to retirees born at time t.

To obtain a closed-form solution, we assume agents to have a linear-quadratic

preference over life-time wealth and costs of human capital investment (see Hassler

et al., 2003):

max
hjt

Aj
t −

1

2

¡
hjt
¢2
, (4.2)

subject to (4.1). Solving (4.2) yields

hjt =

µ
1− τ t +

1− τ t+1

R

¶
wj. (4.3)

Human capital investment increases in ability and decreases in tax rates.

The proportion of the poor is a constant λ in each cohort. We assume λ ≥ 1/2
so that the poor are the majority of the population. Average productivity is

normalized to unity so that wh = (1− λwu) / (1− λ). The weighted average

wage incomes for agents born at time t, denoted by wt, are equal to

wt
t = wt

t+1 = λwuhut + (1− λ)wshst . (4.4)

13 We could then assume that human capital depreciates over time. Then, the wage income

for the middle-aged would be equal to δwjhjt , where 1 − δ is the depreciation rate. The main

result would not change under this extension.
14 See Song (2005a) for further discussion. Like Song (2005a), this paper takes the composition

of inter- and intra-generational redistribution aspects as exogenous. We will leave it to future

research to endogenize the composition of the two-way redistributive transfers.
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The first equality is due to the fact that middle-aged workers have the same

productivity as when they are young. The gross population growth rate is a

constant n > 1. Plugging (4.3) into (4.4), we obtain the output per retiree:

yt = nwt−1
t + n2wt

t

= Φ

µ
hut−1

wu
+ n

µ
1− τ t +

1− τ t+1

R

¶¶
, (4.5)

where Φ ≡ n
³
λ (wu)2 + (1− λ)

¡
wh
¢2
´
. We use the fact that hst−1/h

u
t−1 = ws/wu

implied by (4.3). The output per retiree yt is the current tax base for social

security transfers. The future tax base yt+1 is determined by hjt and hjt+1, and

independent of the current human capital stock hjt−1.

yt+1 = Π− Φ

µ
τ t +

µ
n+

1

R

¶
τ t+1 +

n

R
τ t+2

¶
, (4.6)

where Π ≡ Φ (1 + n)
¡
1 + 1

R

¢
.

We assume that the budget of the social security system must balance in each

period. This implies that in each period, the benefits paid to the old generation

equal the contributions collected from the working generations:

pt = τ tyt. (4.7)

Substituting (4.6) and (4.7) into (4.1), the indirect utility functions of the middle-

aged and old of type j, denoted by vm,j and vo,j, can be written as

vm,j
¡
hjt−1, τ t, τ t+1, τ t+2

¢
= (1− τ t)w

jhjt−1 +
τ t+1

¡
Π− Φ

¡
τ t +

¡
n+ 1

R

¢
τ t+1 +

n
R
τ t+2

¢¢
R

,(4.8)

vo,j
¡
hut−1, τ t, τ t+1

¢
= Φτ t

µ
hut−1

wu
+ n

µ
1− τ t +

1− τ t+1

R

¶¶
. (4.9)

Note that vo,s = vo,u since social security benefits pt+1 are evenly distributed

across retirees.

3 Political Equilibrium

The sequence of social security tax rates {τ t}∞t=0, or equivalently, the sequence of

social security benefits {pt}∞t=0, is determined through repeated political decisions

at the beginning of each period. More specifically, τ t is chosen by the decisive
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voter (e.g. the median voter) by maximizing her indirect utility. We assume

that there exists a cap on τ t, denoted by τ . τ ≤ 1 can be considered as the

upper boundary of politically acceptable social security tax rates in the legislative

process.

We assume that young agents do not vote. This reflects, though somewhat

excessively, the phenomenon that the older are more influential in the determina-

tion of public policies.15 In the Markov perfect equilibrium, τ t evolves according

to a policy rule T that conditions policy choices to the payoff-relevant state vari-

ables. There are two state variables at time t, human capital stock hst−1 and h
u
t−1.

Since hst−1/h
u
t−1 = ws/wu we can, without loss of generality, write the policy rule

T as a function of hut−1 only:

τ t = T
¡
hut−1

¢
, (4.10)

where T :
£
h, h

¤
→ [0, τ ], h ≡ wu (1 + 1/R) (1− τ) and h ≡ wu (1 + 1/R) are

the lower and upper bound of hut−1, respectively. Social security benefits at time

t+1 are not predetermined for the decisive voter at time t. But given the policy

rule T , she can strategically affect τ t+1 by the distortionary effect of τ t on hut .

Plugging (4.10) into (4.3), we have

hut = wu

µ
1− τ t +

1− T (hut )

R

¶
. (4.11)

Equation (4.11) defines the human capital investment strategy of the young H :

[0, τ ]→
£
h, h

¤
, which solves

H (τ t) = wu

µ
1− τ t +

1− T ◦H (τ t)
R

¶
. (4.12)

Combining (4.10) and (4.12) yields

τ t+1 = T ◦H (τ t) ≡ B (τ t) , (4.13)

with B : [0, τ ] → [0, τ ]. In the following text, B will be referred to as a social

contract characterizing the evolution of the social security system. Then, the

political choice τ t solves

τ t = arg max
τ t∈[0,τ̄ ]

vdec, (4.14)

15 For instance, Mulligan and Sala-i-Martin (1999) argue that the old have more influence

in the political decision process because they have a lower cost of time. Empirically, voting

turnout is indeed lower for younger households (e.g. Wolfinger and Rosenstone, 1980). See

Hassler et al. (2003) and Song (2005a) for further discussion.
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subject to τ t+1 = B (τ t) and τ t+2 = B (B (τ t)). vdec is the indirect utility function

of the decisive voter who determines τ t. (4.8) and (4.9) show that the choice of τ t
only depends on hut−1, irrespective of which group is decisive. Define τ t = T̃

¡
hut−1

¢
as the solution of (4.14). T is an equilibrium policy rule if and only if T = T̃ .

We assume T and H to be continuous and differentiable. The corresponding

equilibrium is referred to as the differentiable Markov perfect equilibrium. For

analytical convenience, the assumption of differentiability has often been adopted

in recent studies on social security (e.g. Azariadis and Galasso, 2002, Katuscak,

2002, Forni, 2005) and fiscal policy (e.g. Klein et al., 2003).16 Later we will see

that the differentiability also helps pin down the identity of the median voter in

dynamic politico-economic equilibrium. The definition of the equilibrium is given

by

Definition 1 A (differentiable) Markov perfect political equilibrium is a pair of

differentiable functions hT,Hi, where T :
£
h, h

¤
→ [0, τ ] is the policy rule of the

social security tax rate and H : [0, τ ]→
£
h, h

¤
is a private decision rule of human

capital investment. T and H solve the following functional equations:

(1) T
¡
hut−1

¢
= argmaxτ t∈[0,τ̄ ] v

dev, subject to τ t+1 = T ◦ H (τ t) and τ t+2 =

T ◦H (T ◦H (τ t)).
(2) H (τ t) = wu

³
1− τ t +

1−T◦H(τ t)
R

´
.

We will show that in the class of differentiable Markov perfect equilibria, the

middle poor are always decisive for τ t under majority voting. This is in contrast

to the approach that the old play at least some roles on the political decision of

social security benefits.17 For expositional reasons, we first solve a dictatorship

equilibrium where the political power rests in the hands of the middle poor.

Later, we show that the equilibrium under dictatorship in fact coincides with the

equilibrium under majority voting.

16 Krusell and Smith (2003) show that there could be in principle an infinitely large number of

nondifferentiable Markov equilibria. Markov Equilibria with non-differentiable strategies may

exist in our model. We will however not attempt to characterize such equilibria.
17 See for example the probabilistic voting framework adopted by Katuscak (2002), Gonzalez-

Eiras and Dirk Niepelt (2004) and Song (2005a).



Chapter 4. A Markovian Social Contract of Social Security 111

3.1 Dictatorship

We define "dictatorship of the middle poor" (DMP) as the regime where the

social security tax rate is chosen at the beginning of each period by the middle

poor. It immediately follows that the policy rule T (hut ) = 0 for all h
u
t ∈

£
h, h

¤
trivially satisfies the conditions in Definition 1. This is referred to as the trivial

equilibrium. We say that an equilibrium is nontrivial if T (hut ) 6= 0 at least for
some hut ∈

£
h, h

¤
.

Given a nontrivial equilibrium social contract B, the future tax base (4.6) can

be written in a recursive fashion

yt+1 = Y (τ t) = Π− Φ

µ
τ t +

µ
n+

1

R

¶
B (τ t) +

n

R
B (B (τ t))

¶
. (4.15)

Differentiating Y (τ t) yields Y 0 (τ t) = −Φ
¡
1 + (n+ 1/R)B0 (τ t) + n (B0 (τ t))

2 /R
¢
<

0. The inequality holds under any B. That is to say, increasing τ t always reduces

the future tax base yt+1. Maximizing the indirect utility of the middle poor,

(4.14) solves

wuhut−1 =
B0 (τ t)Y (τ t) +B (τ t)Y

0 (τ t)

R
, (4.16)

where the LHS of (4.16) captures the marginal cost of the social security tax

rate, while the marginal benefit is given by the RHS. We suppress two multipliers

associated with the constraints τ t ≥ 0 and τ t ≤ τ̄ , since corner solutions can easily

be ruled out by the differentiability of T (·).18 The following lemma establishes

the monotonicity in the nontrivial equilibrium.

Lemma 1 In the nontrivial equilibrium under DMP, we have T 0 (·) < 0, H 0 (·) <
0 and B0 (·) > 0.

Proof : Suppose that B0 (τ t) ≤ 0 for some τ t ∈ (0, τ̄). Since Y 0 (·) < 0, (4.16)

cannot hold. Contradiction. H 0 (·) < 0 and T 0 (·) < 0 immediately follow

from equations (4.12) and (4.13). ¤

The negative sign of H 0 (·) is due to the distortionary effect of taxes on human
capital investment. The negative sign of T 0 (·) stems from the fundamental impact
18 If the constraints are binding for some hut−1 ∈

¡
h, h

¢
, then τ t must be equal to 0 or τ for all

hut−1 ∈
£
h, h

¤
by the differentiability of T . T (·) = 0 is a trivial equilibrium. If instead T (·) = τ ,

B0 (·) = 0. Then (4.16) implies that τ t = 0. Contradiction.
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of the decisive voter’s human capital stock on his political choice. Intuitively, a

low human capital hut−1 is associated with a low marginal cost of τ t, as captured

by the LHS of (4.16). This induces the decisive voter to raise the tax rate.

Combining with H 0 (·) < 0, we obtain a positive relationship between τ t+1 and τ t.

That is to say, the more the working generations contribute to the social security

system, the more they can expect to receive from the system in the future. The

corresponding positive B0 (·) relates current contributions to future benefits. This
solves the temporal separation problem of benefits and contributions and thus,

provides a necessary condition for the decisive voter to support the social security

system since otherwise, she would rationally choose zero contribution.

Under the quasi-linear preference, the equilibrium can be solved analytically.

Proposition 1 (1) A nontrivial DMP equilibrium exists if

φ0 + φ1h ≥ 0, (4.17)

φ0 + φ1h ≤ τ̄ , (4.18)

where φ0 ≡ − (b1π0 + b0π1) / (2b1π1) > 0 and φ1 ≡ Rwu/ (2b1π1) < 0 (see the

appendix for the definition of b0, b1, π0 and π1).

(2) Assume (4.17) and (4.18). There exists a unique linear nontrivial DMP

equilibrium such that

T
¡
hut−1

¢
= φ0 + φ1h

u
t−1, (4.19)

H (τ t) =
wu

1 + wuφ1/R

µ
1 +

1− φ0

R
− τ t

¶
, (4.20)

B (τ t) = b0 + b1τ t, (4.21)

Y (τ t) = π0 + π1τ t, (4.22)

where b0 > 0, b1 > 0, π0 > 0 and π1 < 0.

(3) Assume (4.17) and (4.18). In the nontrivial DMP equilibrium, we have

b0 > 0 and b0 + b1 < τ . The social security tax rates monotonically converge to

the steady state b0/ (1− b1) ∈ [0, τ ].

Proof : See the appendix.

The first part of the proposition gives conditions for the sustainability of social

security under DMP. Given (4.17), the middle poor would choose a non-negative
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social security tax rate for any ht−1 ∈
£
h, h

¤
. (4.18) ensures that τ t ≤ 1 is not

binding.19 It turns out that (4.17) and (4.18) can be satisfied under a wide variety

of parameter values. An example is plotted in Figure 1, where we set R = 1.0430

and λ = 0.6. Condition (4.18) fails to be satisfied only for very large values of n

(e.g. n > 20 outside the range in the figure). (4.17) holds for all wu and n in the

diagram of Figure 1, except the triangle with high wu and low n. An immediate

observation is that the social security system under DMP can exist in a dynamic

efficient economy (R > n in our model), as long as income inequality is not too

low, i.e., wu is not too high. The classical solution to the existence of the social

security system is that if the economy is dynamically inefficient, the introduction

of the system will be Pareto-improving (e.g. Aaron, 1966) since it provides a

higher return than the financial market. The sustainability of social security in a

dynamic efficient economy in the current environment is twofold. First, the social

contract conditions future benefits to the current contributions. As shown above,

this gives the necessary condition for the sustainability of the pension system.

More importantly, a higher income inequality makes the poor more willing to

support the system for intra-generational redistributive reasons, since it implies

a higher return to the poor from the social security system. That is why the

system can be sustained in a dynamic efficient economy with sufficiently high

income inequality.20

19 Since T 0 (·) < 0, the minimum (maximum) value of τ t is located at ht−1 = h (h).
20 As mentioned in the introduction, Forni (2005), Gonzalez-Eiras and Dirk Niepelt (2004)

study the political sustainability of the pension system in a general equilibrium framework

without intra-cohort heterogeneity. In their models, the social security system can also be

sustained in a dynamic efficient economy. The sustainability comes from the general equilibrium

effect, however. The working generation is willing to accept a positive payroll tax rate since it

can discourage capital accumulation and increase the future interest rate.
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Figure 1: The Existence Condition of the Social Security System under DMP.

We set R = 1.0420 and λ = 0.60. (17) and (18) hold for all n and wu in the

diagram except in the triangle in which (17) does not hold.

The second part of the proposition gives the uniqueness of the linear Markov

perfect equilibrium. Although we cannot analytically rule out nonlinear solutions,

numerical simulations show that the equilibrium strategy in the space of nonlinear

functions indeed converges to the linear one (4.19).21 The uniqueness sharply

contrasts the multiplicity of linear equilibria in Azariadis and Galasso (2002),

though their model has a number of features in common with ours (e.g. the

linear technology and the temporal separation of contributions and benefits).

Azariadis and Galasso construct a policy rule contingent on the capital held by

old households. However, due to the linear technology, old households’ capital is

21 The computational strategy adopts a standard projection method with Chebyshev col-

location (Judd, 1992), to approximate the equilibrium strategy on the basis of a high-order

polynomial functional space.
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not payoff-relevant for the decisive voter, i.e. the young households in their model.

Therefore, the sustainability of social security solely relies on the self-fulfilled

expectation of future social security benefits that are essentially indeterminate.

The policy rule T in our model is instead a rigorous Markovian strategy in the

sense that human capital is payoff-relevant for the middle poor.

The third part of the proposition characterizes the evolution of a social se-

curity system under DMP. Suppose that there is no social security taxes before

time 0 and DMP arises unanticipatedly at time 0. Then, we have hu0 = h and

T
¡
h
¢
< b0/ (1− b1). This implies that {τ t}∞t=0 be an increasing sequence. The

underlying mechanism is in the following. The initial middle poor have more

human capital than the middle poor in subsequent periods. Since taxes are in-

creasing in human capital, the initial median voter will choose the lowest tax rate.

Similarly, since the second period median voter has less human capital than the

initial period median voter but more human capital than the median voters in

the following periods, she will impose a tax rate that is higher than the initial tax

rate but lower than the future tax rates. The increasing size of the social security

system is implied by the positive B0 (·), which is an intrinsic feature in a dynamic
political equilibrium under DMP. Without the positive link b1 between current

contributions and future benefits, the coordination failure among generations that

has its roots in the temporal separation problem would destroy the welfare state.

Therefore, the growing social security can be regarded as a natural outcome of

the incentive mechanism which props the political support of the middle-aged for

inter-generational transfers.

3.1.1 Expectational Stability

In the Markovian social contract, b1 =dτ t/dτ t−1 can be referred to as the equilib-

rium return of social security benefits to the contributions. We have shown the

positive b1 to be crucial for the sustainability and evolution of the social security

system. The rational expectation of b1 commands full knowledge of the structure

of the model. However, it appears more natural for agents to have limited knowl-

edge about the economy. Therefore, we are interested in knowing whether the

equilibrium outcome b1 can be achieved through some learning process. To this

end, we construct a temporary equilibrium framework with "artificial time" t̂ to

conduct the expectational stability (E-stability) analysis (Evans and Honkapo-
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hja, 2001). If b1 is expectationally unstable, it would be hard to believe that the

Markovian social contract in Proposition 1 can be realized and have any practical

relevance.

Denote b̃1 as the return of contributions expected by the agents. The first-

order condition (4.16), after some algebra, implies that the middle poor set the

tax rate as

τ t = C + F
³
b̃1

´
τ t−1, (4.23)

where

F
³
b̃1

´
≡ R

2
¡
λ+ (1− λ) (1/wu − λ)2

¢ ³
1 + (n+ 1/R) b̃1 + nb̃2

1/R
´
nb̃1 − 1

(4.24)

and C is an unimportant constant.22 (4.23) shows that, given the past social

security contribution τ t−1, the current policymaker would like to provide social

security benefits C+F
³
b̃1

´
τ t−1. So the actual return for the past contributions,

denoted by b̂1, is equal to

b̂1 = F
³
b̃1

´
. (4.25)

F : [0, 1] → [0, 1] is the mapping from the expected return to the actual return.

The equilibrium return b1 corresponds to the fixed point of F . It is easily shown

that F 0 (·) < 0. As b̃1 increases, (4.15) implies that the future tax base become

more elastic with respect to τ t. This is because under a high b̃1, future tax rates

are more responsive to τ t. The increased elasticity induces the policymaker to cut

τ t and hence, leads to a low actual return for the past social security contribution,

τ t−1. According to Evans and Honkapohja (2001), the equilibrium return b1 is

said to be expectationally stable (E-stable) if the differential equation

db1

dt̂
= F (b1)− b1

is asymptotically stable. In the present model, F 0 (·) < 0 gives the E-stability of
b1. Since the other coefficients in (4.19), (4.21) and (4.22) are determined by b1

(see the appendix), we have

Proposition 2 The nontrivial DMP Equilibrium is E-stable.

22 We use the definition of φ1 and π1 provided in the appendix and substitute (4.20) for hut−1.
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Proposition 2 says that even if individuals cannot "compute" b1, they can

adjust their expected return b̃1 according to the actual return provided to the

current retirees b̂1. The adjustment leads to an expected return that converges

to the equilibrium. As will be seen in Section 4, the interaction between the

expected and the actual return in (4.23) helps reveal the mechanism on how the

equilibrium return b1 is affected by demographic structure and income inequality.

3.2 Majority Voting

Now we turn to majority voting, where the median voter is decisive for τ t. Before

proceeding, it is worth pointing out that the strategic interaction between private

intertemporal choice and the policy decision can in principle switch the identity of

the median voter over time. The dynamic politico-economic equilibrium is hence

very hard to characterize (the exceptions are Hassler et al., 2003 and Hassler et

al., 2004, Song, 2005b). In this paper, we focus on the differentiable Markovian

strategies. The differentiability helps rule out the time-varying identity of the

median voter and makes the analysis substantially simpler.

Lemma 2 The identity of the median voter is constant over time in the differ-

entiable Markov perfect equilibrium.

Proof : See the appendix.

The intuition is the following. When the identity of the median voter switches

over time, we will observe different political regimes in the equilibrium. This leads

to a discontinuous or nondifferentiable policy rule T (see, for example, Hassler

et al., 2003). Therefore, the technical restriction that the policy function must

be differentiable actually amounts to imposing a constant identity of the decisive

voters over time, irrespective of the current policy choice. Next, we show that

only the middle poor can be the median voter. The argument consists of two

parts. First, we check if the middle poor can be the median voter. Then, we rule

out the possibility for the middle rich or the old of being decisive in the majority

voting.
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Figure 2: The Threshold Condition of n Implied by (27) with Different Upper

Bound of Social Security Tax Rate. We set R = 1.0420 and λ = 0.60.

Let τm,s
t , τm,u

t and τ ot be the preferred tax rate of the middle rich, the middle

poor and the old, respectively. The equilibrium under DMP survives the majority

voting if and only if the median voter is always the middle poor, i.e.,

τm,s
t ≤ τm,u

t ≤ τ ot (4.26)

for any hut−1 ∈
£
h, h

¤
. The first inequality is straightforward. Since the middle

rich obtain the same social security benefits as the middle poor, but must pay

higher taxes wshst−1τ t, the middle rich always prefer a lower tax rate than the

middle poor. So we only need to check the second inequality in (4.26). Consider

the following inequality:

φ0 + φ1h ≤
1 + (1− b0) /R+ h/ (nwu)

2 (1 + b1/R)
. (4.27)
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The LHS of (4.27) is the highest tax rate for which the middle poor would vote.

In the appendix, we show that the lowest tax rate for which the old would vote

is equal to the RHS of (4.27). Condition (4.27) implies that τm,u
t ≤ τ ot for any

hut−1 ∈
£
h, h

¤
and thus ensures that the political equilibrium under repeated

majority voting replicates that under DMP. Note that (4.27) is more likely to

be satisfied by a higher h or a lower τ . This is because τm,u
t deceases in ht−1,

while the old tend to impose a higher tax rate with a larger inelastic human

capital stock ht−1. Figure 2 plots the threshold condition of n implied by (4.27)

for τ = 1 and 0.9, respectively. (4.27) is satisfied for any n above the line in the

figure. It can be seen that the region satisfying (4.27) is substantially enlarged

as τ decreasing from 1 to 0.9. For τ < 0.86, (4.27) holds for all wu and n in the

diagram. The reason for τm,u
t ≤ τ ot is twofold. Increasing τ t raises the tax burden

of the middle-aged, while the tax burden of the old is always zero. Moreover,

the elasticities of the current tax base yt for the old and the future tax base yt+1

for the middle-aged are different with respect to τ t. Increasing τ t does not only

discourage hut , but also h
u
t+1. So yt+1 tends to be more elastic than yt, as long as

the current human capital stock hjt−1 is not too low.

If condition (4.27) is violated, the middle poor would not be the median voter.

The natural question is thus which group can otherwise be decisive in the majority

voting. In the appendix, we prove that neither the old nor the middle rich can

be the median voter, under some additional restrictions on the parameter values.

The intuition is as follows. Suppose that the old are decisive. They would vote

for a higher τ t as hut−1 is increasing. This leads to a positive φ1 and a negative b1,

which aggravates the temporal separation problem of benefits and contributions

and induces the middle-aged (the majority of the voters) to vote for zero taxes.

Hence, the old cannot be the median voter. Then, we consider the dictatorship

of the middle rich (DMR), i.e., the middle rich are always decisive. Since the

first inequality of (4.26) must hold, the middle rich would be the median voter in

the majority voting if and only if τ ot ≤ τm,s
t for any hut−1 ∈

£
h, h

¤
. This gives the

condition

1 + 1/R− bm,s
0 /R+ h/nwu

2 (1 + bm,s
1 /R)

> φm,s
0 + φm,s

1 h (4.28)

which rejects the middle rich to be the median voter. The derivation of (4.28)

and the definitions of bm,s
0 , bm,s

1 , φm,s
0 and φm,s

1 are provided in the appendix. The
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LHS and the RHS of (4.28) are the highest and the lowest tax rate preferred by

the old and the middle rich under DMR, respectively. Condition (4.28) holds in

all numerical experiments we have done so far, since the old tend to impose the

highest social security tax rate while the middle rich impose the lowest.23 The

above analysis establishes

Proposition 3 Assume (4.17), (4.18), (4.27) and (4.28). Then the median

voter in any (differentiable) Markov perfect equilibrium must be the middle poor.

The equilibrium outcomes are equivalent to those under the DMP equilibrium, as

stated in proposition 1.

4 Comparative Static Analysis

Since the social security system works as a redistributive policy among and within

cohorts, we are particularly interested in the impact of demographic structure

and income inequality on the size of the system. Before proceeding, let us first

investigate the impact of wu and n on two parameters b0 and b1 in the social

contract B that characterizes the size of social security in the dynamics.

Proposition 4 Assume (4.17), (4.18), (4.27) and (4.28). Then ∂b1/∂n < 0 and

∂b1/∂w
u > 0.

Proof : See the appendix.

Previous research suggests the size of social security to be increasing in popu-

lation growth and income inequality. Since the return b1 tends to increase the size

of social security, the negative correlation between b1 and population growth or

income inequality may seem counter-intuitive. However, we argue that it arises

as a natural outcome in the politico-economic equilibrium. To see this, let us look

at the decision-making of τ t in (4.23). Given the expected return b̃1, the actual

return of the past contributions decided by the middle poor is equal to F
³
b̃1

´
.

It immediately follows that F
³
b̃1

´
is negatively and positively correlated with n

and wu, respectively. Since the future tax base yt+1 increases in the future labour

supply, a higher population growth rate n makes yt+1 more elastic with respect

23 For example, (4.28) holds for any n and wu in the diagram of Figure 1 or 2.
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to τ t, as implied by (4.15). The median voter thus will set a lower τ t, i.e., a lower

actual return for the past contribution τ t−1. The dotted line in Figure 3 plots

the new F
³
b̃1

´
under a higher n. It can directly be seen directly that this moves

F
³
b̃1

´
downwards and results in a lower equilibrium return b1. The effect of wu

on b1 is analogous. Since the average wage rate is normalized to unit, a high

wu leads to a low wh. Since a low wh discourages the human capital investment

of the rich more than the increased investment of the poor by a high wh, the

future tax base yt+1 and the elasticity of yt+1 are decreasing in wu. This induces

the median voter to increase τ t, i.e., a high actual return for τ t−1. So there is a

positive relationship between F
³
b̃1

´
and wu, which leads to ∂b1/∂w

u > 0. This

can be seen from the dashed line in Figure 3, which plots the new F
³
b̃1

´
under

a higher wu. Moreover, when wu is very low, increasing wu (or equivalently re-

ducing income inequality) sharply reduces the future tax base yt+1. This implies

that as wu is increasing, the elasticity of yt+1 tends to decline more rapidly for

low wu than for high wu. Hence, the effect of wu on b1 turns out to be highly

nonlinear. When wu is low, increasing wu can substantially raise the equilibrium

return b1. The effect wipes off as wu approaches one.24

24 Numerical simulation shows that ∂b1/∂n is much smoother than ∂b1/∂w
u.
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Figure 3: The Determination of the Equilibrium Return of Social Security

Contribution b1. The solid line, dotted line and dashed line refer to F (b1) under

the benchmark parameter values, a higher n and a high wu, respectively. We set

R = 1.0420, λ = 0.60, n = 1.384 and wu = 0.5 in the benchmark and let n and

wu increase by 25% each in the two other cases.

The impact of n and wu on the constant term b0 in the social contract is more

complex. There are two effects:

∂b0

∂x
=

∂b0

∂x

¯̄̄̄
b1

+
∂b0

∂b1

∂b1

∂x
(4.29)

where x = wu or n. The first term on the RHS of (4.29) is the direct effect of x,

taking the equilibrium return b1 as a parameter. The second term captures the

indirect effect through b1. Due to the complexity of b0 (see the appendix), it is

hard to get analytical details on ∂b0/∂x. So we resort to numerical experiments.

It turns out that the following properties hold under all experiments we have
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done so far.

∂b0

∂n

¯̄̄̄
b1

> 0 (4.30)

∂b0

∂wu

¯̄̄̄
b1

< 0 (4.31)

∂b0

∂b1
> 0 (4.32)
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Figure 4: The Effects of n on the Markov Perfect Political Equilibrium. We set

wu = 0.5, R = 1.0420 and λ = 0.60.

Intuitively, taking b1 as a parameter, a low n or a high wu leads to a low level of

inter- or intra-generational transfers, respectively. This produces a low constant

term b0 in the social contract as shown by (4.30) and (4.31). On the other hand, b0

is increasing in b1. A high return provides incentives for the taxpayers to increase

τ t. This results in a positive ∂b0/∂b1. Since ∂b1/∂w
u > 0 and ∂b1/∂n < 0, the

indirect effect is opposite to the direct effect. Numerical simulations show that

the direct effect of n always dominates the indirect effect. Correspondingly, b0

is monotonically increasing in n. Figure 4 gives an example. From Figure 5, we

see that the indirect effect of wu dominates the direct effect for low wu while the
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direct effect dominates for high wu. So b0 turns out to be an inverted-U function

of wu. Compared with the dominated indirect effect of n, the relatively stronger

indirect effect of wu for low wu should not be very surprising. As shown above,

∂b1/∂w
u is highly nonlinear. For a low wu, the effect of wu on b1 is sufficiently

large to outweigh the direct effect.
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Figure 5: The Effects of wu on the Markov Perfect Political Equilibrium.

4.1 The Static and Social Contract Effects on the Size of

Social Security

In this subsection, we distinguish two channels through which n and wu may

affect the size of social security. These are referred to as the static effect and the

social contract effect, respectively. The first-order condition (4.16) implies that

the optimal tax rate for the middle poor at time t equals

τ t =
−π0 (b0, b1) b1 − π1 (b1) b0 +Rwuhut−1

2π1 (b1) b1
(4.33)
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Recall that b0 and b1 are the constant term and the return of contributions in the

social contract (4.21), respectively. π0 and π1, determined by b0 and b1 (see the

appendix), are the constant term and the marginal impact of τ t on the future tax

base in (4.22), respectively. The impact of n and wu on τ t can be written as

∂τ t
∂x

=
∂τ t
∂x

|b0,b1| {z }
the static effect

+
∂τ t
∂b0

∂b0

∂x
+

∂τ t
∂b1

∂b1

∂x| {z }
the social contract effect

(4.34)

We define the impact of x under fixed b0 and b1, ∂τ t/∂x |b0,b1 , as the static effect

in the sense that it abstracts the impact of x on future policy outcomes via the

endogenous social contract B. The abstracted impact is captured by the last two

terms on the RHS of (4.34), which are referred to as the social contract effect.

Let us investigate these two effects in order.

Taking b0 and b1 as parameters, the decision of τ t reduces to a static problem

and the size of social security turns out to be positively correlated with n and

negatively correlated with wu.25 Hence, the static effect implies that the size of

social security be larger in the economy associated with higher population growth

rate or income inequality. This coincides with the conventional wisdom on the

determination of social security.

Table 1: The Effects of n and wu on the Size of Social Security

n wu

the static effect + −
the social contract effect − +

The static effect is just one side of the story. The social contract per se is an

endogenous equilibrium outcome. The social contract effect is twofold, through

b0 and b1. The last term on the RHS of (4.34), (∂τ t/∂b1) / (∂b1/∂x), reflects the

social contract effect of x through b1. Intuitively, a high return b1 induces more

social security contributions.26 Together with Proposition 4, (∂τ t/∂b1) (∂b1/∂x)

should be negative and positive for x = n and wu, respectively. That is to say, a

larger proportion of retirees or higher income inequality tends to reduce the size

of social security according to the social contract effect through b1.

25 Numerical experiments confirm ∂τ t/∂n |b0,b1 > 0 and ∂τ t/∂w
u |b0,b1 > 0.

26 Numerical experiments confirm ∂τ t/∂b1 > 0.
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The social contract effect through b0, i.e. (∂τ t/∂b0) (∂b0/∂x), is more com-

plicated. A higher constant term in the social contract b0 implies higher future

tax rates, which increase the elasticity of the future tax base.27 The higher

elasticity induces the policymaker to cut taxes, which gives ∂τ t/∂b0 < 0. The

sign of the social contract effect through b0 is thus the opposite to the sign of

∂b0/∂x. We have shown that sgn(∂b0/∂x) is determined by two opposite effects.

For x = n, the direct effect always dominates and hence, (∂τ t/∂b0) (∂b0/∂n) < 0.

Therefore, the overall social contract effect of n via b0 and b1 is negative. For

x = wu, sgn(∂b0/∂w
u) depends on wu: (∂τ t/∂b0) (∂b0/∂w

u) < 0 for small wu

and (∂τ t/∂b0) (∂b0/∂w
u) > 0 for large wu. Numerical simulations show that the

negative effect through b0 for small wu is dominated by the positive effect via b1.

The overall social contract effect of wu is therefore positive. Table 1 summarizes

the above analyses. To conclude, the social contract effect that has largely been

neglected in the literature turns out to be opposite to the static effect, which

reflects conventional wisdom in determining social security.

The aggregate impact of n or wu on the size of social security is not obvious

due to the conflicting effects stated in Table 1. Particularly, we find numerically

that the steady state social security tax rate τ ∗ ≡ b0/ (1− b1) is increasing in n

and non-monotonically related to wu, see Figures 4 and 5 for an example. Figure

4 shows that the positive static effect of n dominates the negative social contract

effect in the steady state. While Figure 5 shows that there is an inverted-U

shaped correlation between wu and τ ∗. That is to say, the positive social contract

effect of wu dominates the negative static effect under sufficiently high income

inequality. The static effect starts to outweigh the social contract effect when

income inequality is below some critical level.

We have distinguished the static and social contract effect. The social contract

effect does not only have a quantitative impact, but can qualitatively change

the relationship between the size of social security and income inequality. The

relatively stronger social contract effect of wu for low wu is not surprising. As

discussed before, the effect of wu on the equilibrium return b1 is substantial when

income inequality is sufficiently large.

27 Formally, we have ∂π0/∂b0 < 0 (see the definition of π0 in the appendix).
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4.2 The Social Contract Effect on the Growth of Social

Security

The growth of social security gt is defined as

gt = ln τ t − ln τ t−1 (4.35)

Solving the first-order difference equation τ t = b0+b1τ t−1, we have τ t = b0 (1− bt1) / (1− b1)+

bt1τ 0. If bt1τ 0 is close to zero, the growth rate of τ t can be approximated by

gt ≈ ln
µ
1− bt1
1− bt−1

1

¶
(4.36)

It can be shown that the RHS of (4.36) increases in b1 for any positive integer t.28

Together with Proposition 4, we find gt to be negatively correlated with n, but

positively correlated with wu. This relationship is a natural implication of the

equilibrium social contract discussed above. It also implies that the diversified

growth patterns of social security systems across countries can be explained by

the various levels of dependency ratio and income inequality. The distinctive

prediction on the correlation between gt and n or wu helps distinguish between

the present model and many others. Below, we will see that the prediction of our

model is broadly consistent with the data from OECD countries.

5 Empirical Evidence

In this section, we would like to examine whether the predictions of our model are

consistent with empirical evidence. Recall that there are three main predictions

of the model.

(1) The size of social security increases over time.

(2) The growth of social security is positively correlated with the dependency

ratio but negatively correlated with income inequality.

(3) The size of social security in the long run is decreasing in the dependency

ratio but non-monotonically related to income inequality.

The first prediction is in line with the increasing sizes of social security during

the postwar period, which is believed to be a stylized fact of the evolution of

28 Numerical experiments show that the approximation (4.36) is reliable, i.e., the growth rate

of τ t is positively correlated with b1.
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social security (see Mulligan and Sala-i-Martin, 1999a for more details). From

Table 2, we see that both the absolute and the relative size of social security

grow steadily in the OECD countries over time. In particular, real benefits per

social security beneficiary in 1990 amount to seven thousand USD, three times

more than in 1960. Public social security per social security beneficiary has also

approximately triple from $1,546 in 1960 to $4,653 in 1980.29

Table 2: Social Security Program in the OECD (Averages)

1960 1970 1980 1990

Benefits Per GNP 0.0633 0.0708 0.110 0.119

Public Pensions Per GNP 0.0462 0.0588 0.0924 -

Real Benefits Per Capita 0.293 0.530 0.976 1.362

Public Pension Per Capita 0.228 0.433 0.810 -

Real Benefit Per Pensioner 1.962 3.186 5.713 7.157

Public Pension Per Pensioner 1.546 2.583 4.653 -

Source: Breyer and Craig (1997, table 2). Absolute amount in 1000 of 1982 US

Dollars.

We use data fromOECD countries over the period 1960-1985 to test the second

prediction. We run a cross-country regression of the average growth rate of real

social security benefits per beneficiary during 1960-1985 on both dependency

ratio and income inequality. The sample countries are divided into two groups:

G7 and small OECD countries (the definition of small OECD countries follows the

OECD Analytical Database). The measure of income inequality is the average

Gini coefficient. The dependency ratio is defined as the ratio of the population

aged above 65 to the population aged 15-64. The description of the data source

is provided in the appendix. However, the remarkable demographic changes in

many OECD countries over the past four decades are not consistent with the

prerequisite of our cross-section regression, where the dependency ratio should be

rather stable during the relevant period. So we collect the data of the dependency

ratio in 1960 and 1980 and run regressions on the dependency ratio of these two

29 Note that the growth of GDP per capita in OECD countries is far below the growth of

pension benefits and hence, cannot explain the rapid expansion of the social security system.

See Song (2005a) for further discussions.
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years separately, to see if there is any significant discrepancy in the estimated

coefficients.

Table 3: The Effects on the Growth of Social Security

All Sample Countries Small Open Economies

(1) (2) (3) (4)

Gini
−0.138∗

(0.098)

−0.139∗

(0.101)

−0.325∗∗

(0.130)

−0.313∗∗

(0.138)

dependency ratio (1960)
−0.091
(0.141)

-
0.091

(0.169)
-

dependency ratio (1980) -
−0.027
(0.114)

-
0.065

(0.141)

adjusted R2 0.118 0.10 0.412 0.396

Note: The dependent variable is the average growth rate of social security.

Columns (1) and (2) report OLS regression for all 20 sample countries; columns

(3) and (4) report OLS regression for 13 small OECD countries. ***, ** and *

refer to significance at the 1%, 5% and 10%, respectively. Standard errors are in

parenthesis. All specifications include a constant intercept.

Columns (1) and (2) in Table 3 give the results in the group of all sam-

ple countries, with the dependency ratio of 1960 and 1980 included separately.

It can directly be seen from Figure 6 that income inequality and the average

growth of social security are negatively correlated across all sample countries.

The estimated coefficients on Gini are significantly different from zero at the 10

percent level, though not at the 5% level. Conditioning on the dependency ratio

in different years only slightly changes the estimated coefficients on Gini. These

findings support the prediction of our theory that social security growth should

be negatively correlated with income inequality. However, when we proceed the

dependency ratio, the coefficients are insignificant and the signs are opposite to

the prediction. As mentioned above, this might be due to the rather unstable

demographic structure.
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Figure 6: Cross-country Relationship between Income Inequality and the

Average Growth Rate of Social Security (All Sample Countries).

Since our model is developed for a small open economy where factor prices

are exogenous, we would like to run a regression for the subgroup of small OECD

countries. Columns (3) and (4) report the results. Consistent with the prediction

of the model, the estimated coefficients on Gini are significantly positive. More-

over, the significance level reaches 5% and R2 jumps from 10% to 40%. Figure

7 reveals a rather close relationship between social security growth and income

inequality in small OECD countries. This indicates that the social contract ef-

fect of income inequality can well explain the diversified growth of social security

among small OECD countries. The much improved fitness also suggests that

it might be important to include general equilibrium consideration for a better

explanation of social security growth in large countries. We leave this work to

future research. The social contract effect of the dependency ratio is insignificant,

though the signs become positive and consistent with our prediction.
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Figure 7: Cross-country Relationship between Income Inequality and the

Average Growth Rate of Social Security (Small Open Economies).

The third prediction states that the long-run social security size is positively

correlated with the dependency ratio, but non-monotonically correlated with in-

come inequality. We regress the share of social security expenditure as a percent-

age of GDP in 1980 on the dependency ratio and Gini. The reason for choosing

the year of 1980 is that the share of social security starts to level off in the 1980s

after several decades of growth. To assess the sensitivity of demographic changes,

we use the dependency ratio in 1960 and 1980 separately as an independent vari-

able.

Columns (1) and (2) in Table 4 report the results for all sample countries. The

estimated coefficients on the dependency ratio are significantly positive at 5%.

The coefficients on Gini are significantly negative at 10% and 5%, respectively.
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The significant correlations, which can directly be seen from Figures 8 and 9,

are in accordance with the prediction. The results for the subgroup of small

OECD countries are reported in Column (3) and (4). The negative correlation

between social security and income inequality turns out to be robust and the

significance increases to 1%. The correlation between the size of social security

and the dependency ratio in 1980 is also significantly negative at 5%. But the

coefficient on the dependency ratio in 1960 turns out to be insignificant.

Table 4: The Effects on the Size of Social Security

All Sample Countries Small Open Economies

(1) (2) (3) (4)

Gini
−0.397∗

(0.258)

−0.462∗∗

(0.250)

−1.12∗∗∗

(0.330)

−1.19∗∗∗

(0.288)

dependency ratio (1960) -
0.743∗∗

(0.366)
-

0.785∗∗

(0.384)

dependency ratio (1980)
0.525∗∗

(0.298)
-

0.347

(0.351)
-

adjusted R2 0.263 0.296 0.567 0.657

Note: The dependent variable is the size of social security. Columns (1) and

(2) report OLS regressions for all 20 sample countries; columns (3) and (4) report

OLS regressions for 13 small OECD countries. ***, ** and * refer to significance

at the 1%, 5% and 10%, respectively. Standard errors are in parenthesis. All

specifications include constant intercept.

The robust negative correlation between inequality and social security trans-

fers is closely related to the insignificant or even negative correlation between

inequality and welfare spendings found in recent empirical studies (see, e.g., Lin-

dert, 1996 and Rodriguez, 1998), since social security occupies the largest part

of government transfers. The puzzling feature, however, can be reconciled with

the non-monotonic relationship predicted by our model.30 Specifically, it implies

that the social contract effect of income inequality dominates the direct effect on

the size of social security. This is consistent with the significant social contract

30 The inverted-U relationship can be tested by adding a quadratic term of income inequality

to the regression equation. The coefficients on Gini square turn out to be insignificant, however.
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effect of income inequality on the growth of social security reported in Table 3.

Thus, our model sheds light on the puzzling non-positive correlation between

inequality and government transfers that are hard to explain with the existing

theories.
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Figure 8: Cross-country Relationship between the Dependency Ratio and the

Size of Social Security (All Sample Countries).

Finally, it is worth mentioning that Razin et al. (2002) find a negative effect

of the dependency ratio on the size of social security from a panel of OECD data.

At a first sight, this result seems inconsistent with our model. Nevertheless, our

model implies that the growing sizes of social security may be an intrinsic feature

of the dynamic politico-economic equilibrium. To give an unbiased estimation of

demographic effects in the panel data, the potential growth trend of social security

must be controlled for. To see this more clearly, we look at the demographic

change in the data used by Razin et al. (2002). During the data period (from
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1970 to 1991), the average dependency ratio fell from 58% to 54% in the OECD

countries. Together with the growing sizes of social security in the same period, it

would not be surprising to obtain a negative relationship between social security

and the dependency ratio, even if the dependency ratio had no effects on the size

of social security.
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Figure 9: Cross-country Relationship between Income Inequality and the Size of

Social Security (All Sample Countries).

6 Conclusion

This paper develops a positive theory of social security in a majority voting frame-

work with a middle aged median voter. We find that there exists a Markovian

social contract that sustains the system. The social contract positively relates fu-

ture social security benefits to current contributions and thus, solves the temporal
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separation problem of benefits and contributions. This relationship is achieved

through two fundamental linkages. One is a negative reaction of the next pe-

riod median voter’s human capital stock to the current payroll tax rate due to

its distortionary effects on human capital investment. The other is a negative

reaction of the payroll tax rate chosen by the next period’s median voter to her

human capital stock, due to the proportional income taxation. Given this pos-

itive relationship, the median voter with less income is more willing to support

the social security system for intra-generational redistributive reasons. There-

fore, the system can be sustained in a dynamic efficient economy with sufficiently

high income inequality. The linear-quadratic preference allows us to obtain the

close-form solution of the Markov perfect equilibrium.

The major theoretical contribution of this paper is twofold. First, we show

that even under the temporal separation of contributions and benefits, the self-

interested median voter may choose to sustain social security in Markov perfect

equilibrium. Therefore, our model contrasts with the previous studies on political

sustainability of social security which either resort to the imperfect temporal

separation of contributions and benefits or non-Markovian expectation on future

policy outcomes. Second, we incorporate within-cohort heterogeneity to capture

the intra-generational redistributive effects of social security transfers. It turns

out that income inequality plays an essential role in the sustainability of the social

security system.

Our model provides a variety of empirical predictions that can be confronted

with the data. First, the size of social security converges monotonically to the

steady state. This implies increasing sizes of social security over time, after the

introduction of the system. Second, the growth of social security is positively

correlated with the dependency ratio but negatively correlated with income in-

equality. Third, the size of social security in the long run is increasing in the

dependency ratio but non-monotonically related to income inequality. These

predictions are based on the Markovian social contract and differ fundamentally

from the Ramsey allocation. In the appendix, we show that the Ramsey alloca-

tion implies an oscillatory convergence of social security tax rates. And income

inequality does not affect the Ramsey allocation due to the linear preferences

over lifetime wealth. Our empirical evidence shows that the predictions of the

Markovian social contract are broadly consistent with the data in the OECD
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countries. Two novel results are worth reemphasizing. First, the growth of social

security is positively related to income inequality and second, the puzzling nega-

tive correlation between inequality and government transfers in the literature can

be reconciled with our theory.

There are several interesting extensions that can be made in future research.

First, we would like to study the effect of continuously changing population

growth rates. This can help us analyse the dynamics of social security with

anticipated demographic changes. Second, the general equilibrium effect is ig-

nored in the model. This leads to the difficulty in accounting for the evolution

of the social security system in a large economy such as the United States. For

analytical convenience, we impose a balanced budget on social security transfers.

A natural extension of the model would be to relax this assumption and allow for

government debt.
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7 Appendix

7.1 The Definition of Parameters in Proposition 1

Let q ≡
¡
2− 27n2R (wu)2 /2Φ

¢
/27n3. b0, b1, π0, π1 are defined as follows

b1 ≡
3

s
−q +

r
q2 − 1

729n6
+

3

s
−q −

r
q2 − 1

729n6
− 1

3n
, (4.37)

π1 ≡ −Φ
µ
1 +

µ
n+

1

R

¶
b1 +

n

R
b2

1

¶
, (4.38)

b0 ≡
Πb1 − (wu)2 (1 +R)

Φb1 (n+ 1/R+ n/R (1 + b1))− π1 (1 + 2b1)− (wu)2
, (4.39)

π0 ≡ Π− Φ

µµ
n+

1

R

¶
b0 +

n

R
b0 (1 + b1)

¶
, (4.40)

7.2 Proof of Proposition 1

Due to the linear-quadratic preference, it would be natural to guess that the

policy rule T is linear

T
¡
hut−1

¢
= φ0 + φ1h

u
t−1, (4.41)

where φ0 and φ1 are two undetermined coefficients. Substitute into (4.11)

H (τ t) =

µ
1 +

1− φ0

R
− τ t

¶
wu

1 + wuφ1/R
. (4.42)

Combining (4.41) and (4.42), we obtain a linear social contract B

B (τ t) = b0 + b1τ t, (4.43)

where b0 ≡ φ0 +wuφ1 (1 +R− φ0) / (R+ wuφ1) and b1 ≡ −Rwuφ1/ (R+ wuφ1).

Plugging (4.43) into (4.15), the function tax base is

Y (τ t) = π0 + π1τ t, (4.44)

where π0 and π1 are defined by (4.40) and (4.38), respectively.
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The first-order condition (4.16) yields

τ t = −
b1π0 + b0π1

2b1π1
+

Rwu

2b1π1
hut−1. (4.45)

(4.45) pins down φ0 and φ1 in (4.41)

φ0 = −b1π0 + b0π1

2b1π1
, (4.46)

φ1 =
Rwu

2b1π1
. (4.47)

(4.47) implies a four-order polynomial of b1:

2Φ
n

R
b4

1 + 2Φ

µ
n+

1

R

¶
b3

1 + 2Φb
2
1 − (wu)2 b1 −R (wu)2 = 0. (4.48)

Factorizing (4.48), one root of b1 equals −R, which should be omitted by Lemma
1. The other three roots solve

nb3
1 + b2

1 −Ψ = 0, (4.49)

where Ψ ≡ R (wu)2 /2Φ. Rearrange (4.49):

b2
1 =

Ψ

1 + nb1
. (4.50)

It is straightforward to see that the LHS and the RHS of (4.50) have a unique

cross with b1 > 0, which gives the only real root of b1, i.e., (4.37). The other

undetermined coefficient b0 can easily be solved.

Then we need to check whether T
¡
hut−1

¢
∈ [0, τ ] for all hut−1 ∈

£
h, h

¤
. This

gives the existence conditions (4.17) and (4.18).

Finally, T
¡
h
¢
≥ 0 requires φ0+φ1h ≥ 0, which implies φ0 ≤ −φ1w

u (1 +R) /R.

By the definition of b0, it is easily shown that b0 ≥ 0. On the other hand, T (0) ≤ τ

implies that b0 + b1 ≤ τ . Together with b1 > 0 implied by Lemma 1, we have

b1 ∈ (0, τ ] and b0/ (1− b1) ∈ [0, τ ]. ¤

7.3 Proof of Lemma 2

Without loss of generality, let us assume that there are three sets, Θm,s, Θm,u and

Θo, with Θm,s ∩Θo = ®, Θm,u =
£
h, h

¤
\ (Θm,s ∪Θo). The median voter at time

t is the middle rich, the middle poor and the old, for hut−1 ∈ Θm,s, Θm,u and Θo,



142 Chapter 4. A Markovian Social Contract of Social Security

respectively. Denote Tm,s
¡
hut−1

¢
, Tm,u

¡
hut−1

¢
and T o

¡
hut−1

¢
the preferred tax rate

of the middle rich, middle poor and the old, respectively. Then, the equilibrium

policy rule can be written as

T
¡
hut−1

¢
=

⎧⎪⎪⎨⎪⎪⎩
Tm,s

¡
hut−1

¢
Tm,u

¡
hut−1

¢
T o
¡
hut−1

¢
if hut−1 ∈ Θm,s

if hut−1 ∈ Θm,u

if hut−1 ∈ Θo

It is straightforward from (4.16) that Tm,s
¡
hut−1

¢
< Tm,u

¡
hut−1

¢
∀hut−1. So T

¡
hut−1

¢
would be discontinuous if the median voter is the middle rich, except for Θm,u ∪
Θo = ®. The contradiction establishes Θm,s = ® or Θm,u ∪ Θo = ®. That is to
say, if the middle rich becomes the median voter, she must be the only median

voter in the dynamic political equilibrium.

For the old to be the median voter, we need Tm,s
¡
hut−1

¢
< T o

¡
hut−1

¢
<

Tm,u
¡
hut−1

¢
. Otherwise the the middle-aged would be the median voter. Suppose

Θo 6= ® and Θm,u 6= ®. By the above analysis, this implies Θm,s = ®. Then,
there exists some ĥ such that T o

³
ĥ+ ε

´
≶ Tm,u

³
ĥ+ ε

´
and T o

³
ĥ− ε

´
≷

Tm,u
³
ĥ− ε

´
. This implies that dT o0

³
ĥ
´
/dĥ 6=dTm,u0

³
ĥ
´
/dĥ, while the differ-

entiability requires dT o0
³
ĥ
´
/dĥ =dTm,u0

³
ĥ
´
/dĥ. The contradiction establishes

Θo = ® or Θm,u = ®. ¤

7.4 Proof of Proposition 2

The proof consists of two steps. First, we check if the middle poor can be the

median voter. Then we rule out the possibility for the middle rich or the old of

being decisive in the majority voting.

Given the equilibrium social contract B, the current tax base yt can be written

as

yt = Yc
¡
hut−1, τ t

¢
= Φ

µ
hut−1

wu
+ n

µ
1− τ t +

1−B (τ t)

R

¶¶
. (4.51)

Maximizing the indirect utility of the old, (4.14) solves

τ ot = min

(
1,
−Yc

¡
hut−1, τ t

¢
∂Yc

¡
hut−1, τ t

¢
/∂τ t

)

. In words, the old choose τ ot to attain the top of the Laffer curve. Substituting
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the social contract B (4.21) into (4.51), we have

τ ot = min

½
1,
1 + 1/R− b0/R+ hut−1/nw

u

2 (1 + b1/R)

¾
, (4.52)

where b0 and b1 are defined in (4.39) and (4.37), respectively. Since τ ot increases

in hut−1, the minimum τ ot locates at h
u
t−1 = h, which gives the RHS of (4.27).

Now we move to the second step. First, consider the gerontocracy where

the old are always decisive. Guess that the policy rule under the gerontocracy,

denoted by T o, follows τ t = φo0+φo1h
u
t−1. The differentiability rules out the corner

solution and hence, (4.52) establishes:

τ t =
1 +R− bo0
2 (R+ bo1)

+
R/nwu

2 (R+ bo1)
hut−1, (4.53)

where bo0 ≡ φo0 + wuφo1 (1 +R− φo0) / (R+ wuφo1) and bo1 ≡ −Rwuφo1/ (R+ wuφo1)

are the coefficients in the social contract Bo under gerontocracy. (4.53) pins down

φo0 and φo1:

φo0 =
1 +R− bo0
2 (R+ bo1)

, (4.54)

φo1 =
R/nwu

2 (R+ bo1)
. (4.55)

(4.55) implies a linear equation of φo1, which solves

φo1 =
R

(2nR− 1)wu
> 0,

bo1 = − 1
2n

< 0.

It can further be obtained that φo0 = (1 +R) / (2 +R) and bo0 = (n+ 1)φo0/n.

Given bo1 < 0, the middle-aged would vote for zero tax rate and thus, T o or Bo

cannot be sustained under majority voting.

Next consider the dictatorship of the middle rich (DMR). It immediately

follows that the policy rule and the social contract under DMR, denoted by Tm,s

and Bm,s, follow τ t = φm,s
0 + φm,s

1 hut−1 and τ t = bm,s
0 + bm,s

1 τ t−1, respectively. The

definitions of φm,s
0 , φm,s

1 , bm,s
0 and bm,s

1 follow the definitions of φ0, φ1, b0 and b1,

where wu is replaced with ws. Then we need to show that DMR cannot survive

the the majority voting. Since the first inequality of (4.26) must hold, the middle

rich would be the median voter if and only if

τ ot ≤ τm,s
t (4.56)
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for any hut−1 ∈
£
0, h
¤
. Paralleled with (4.52), we have

τ ot = min

½
1,
1 + 1/R− bm,s

0 /R+ hut−1/nw
u

2 (1 + bm,s
1 /R)

¾
, (4.57)

given that bm,s
0 and bm,s

1 . (4.56) will not be satisfied if (4.28) holds.

7.5 Proof of Proposition 4

Differentiating (4.49) with respect to x, we have

∂b1

∂x
=

∂Ψ/∂x

3nb2
1 + 2b1

where x refers to wu and n, respectively. Since b1 > 0, sgn(∂b1/∂x) =sgn(∂Ψ/∂x).

It immediate follows that ∂Ψ/∂wu > 0 and ∂Ψ/∂n < 0. ¤

7.6 Ramsey Allocation

In this section, we character the Ramsey allocation where a benevolent planner

with a commitment technology sets the sequence of tax rates {τ t}∞t=0 so as to

maximize the sum of the discounted utilities of all generations. The constraint of

the planner is that the chosen policy should be implementable as a competitive

equilibrium. The evolution of social security in the Ramsey allocation will be

compared with the political equilibrium outcome. Substituting (4.3) into (4.2),

the Ramsey problem can be written as

max
{τ t}∞t=0

τ 0

£
n
¡
λwuhu−1 + (1− λ)wshs−1

¢
+ n2 (λwuhu0 (τ 0, τ 1) + (1− λ)wshs0h

u
0 (τ 0, τ 1))

¤
+λ

µ
(1− τ 0)w

uhu−1 +
y1 (τ 0, τ 1, τ 2) τ 1

R

¶
+ (1− λ)

µ
(1− τ 0)w

shs−1 +
y1 (τ 0, τ 1, τ2) τ 1

R

¶
+

∞X
t=0

βt (λV u
t (τ t, τ t+1, τ t+2, τ t+3) + (1− λ)V s

t (τ t, τ t+1, τ t+2, τ t+3)) (4.58)

where β ∈ (0, 1) is the discount factor of the planner on the welfare of all gen-
erations born after time 0. hj−1 is the predetermined human capital before the

initial period. V j
t follows

V j
t (τ t, τ t+1, τ t+2, τ t+3) = (1− τ t)w

jhjt (τ t, τ t+1) +
(1− τ t+1)w

jhjt (τ t, τ t+1)

R

+
yt+2 (τ t+1, τ t+2, τ t+3) τ 1

R2
−
¡
hjt (τ t, τ t+1)

¢2

2
(4.59)
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We assume that τ t cannot exceed one, but can be negative. The negative

τ t refers to the intergenerational redistribution from the old to working gen-

erations. For analytical convenience, we focus on interior solutions. (4.58) is a

standard sequential problem. Note that the derivatives ∂hjt (τ t, τ t+1) /∂τ t = −wj,

∂hjt (τ t, τ t+1) /∂τ t+1 = −wj/R, ∂yt+1 (τ t, τ t+1, τ t+2) /∂τ t = −Φ, ∂yt+1 (τ t, τ t+1, τ t+2) /∂τ t+1 =

−Φ (n+ 1/R) and ∂yt+1 (τ t, τ t+1, τ t+2) /∂τ t+2 = −Φn/R are time-invariant. The
first-order condition of (4.58) with respect to τ t for any t ≥ 2 isµ−Φ n

R
τ t−1

R2

¶
+ β

Ã
−Φ

¡
n+ 1

R

¢
τ t + yt (τ t−1, τ t, τ t+1)

R2

!

+β2
X
j=u,s

µj

Ã
− (1− τ t−1)

¡
wj
¢2
/R− (1− τ t) (w

j)
2
/R

R
+
−Φτ t+1

R2

!

+β3
X
j=u,s

µj

Ã
− (1− τ t)

¡
wj
¢2 − (1− τ t+1) (w

j)
2

R

!
= 0 (4.60)

(4.60) yields a second-order linear difference equation after some algebra

γ1τ t+1 + γ2τ t + γ3τ t−1 = ∆ (4.61)

where γ1 ≡ β
¡
β2 − βn/R− n2/R2

¢
/R, γ2 ≡ β

¡
β2 + β/R2 − 2n (n+ 1/R) /R2

¢
,

γ3 ≡ γ1/β and ∆ ≡ β (β (1 + 1/R) (β + 1/R)− n (1 + n) (1 +R) /R). The first-

order condition of (4.58) with respect to τ 0 isX
j=u,s

µj
³
τ 0n

2
³
−λ

¡
wj
¢2
´
+ y0

´
+
X
j=u,s

µj
µ
−wjhj−1 +

−Φτ 1

R

¶

+
X
j=u,s

µj

Ã
− (1− τ 0)

¡
wj
¢2 − (1− τ 1) (w

j)
2

R

!
= 0 (4.62)

where y0 = n
¡
λwuhu−1 + (1− λ)wshs−1

¢
+n2 (λwuhu0 (τ 0, τ 1) + (1− λ)wshs0h

u
0 (τ 0, τ 1)).

The first-order condition of (4.58) with respect to τ 1 is

τ 0n
2

R

¡
−λ (wu)2 − (1− λ) (ws)2

¢
+
−Φ (n+ 1/R) τ 1 + y1 (τ 0, τ 1, τ 2)

R

+
X
j=u,s

µj

Ã
− (1− τ 0)

¡
wj
¢2
/R− (1− τ 1) (w

j)
2
/R

R
+
−Φτ 2

R2

!

+β
X
j=u,s

µj

Ã
− (1− τ 1)

¡
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¢2 − (1− τ2) (w
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2

R

!
= 0 (4.63)
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We consider two cases of the discount factor: β = 1/R and β = n/R. The

second case implies that the planner weighs generations by their relative sizes

and discounts their welfare by the interest rate. Assume the economy to be

dynamic efficient so that β < 1 holds.

Proposition 5 In the Ramsey allocation, we have

(1) If β = 1/R, the social security tax rate converges to a positive τR ∈ (0, 1)
in an oscillatory way, where

τR =
∆

γ1 + γ2 + γ3

(4.64)

(2) If β = n/R, the social security tax rate converges to zero in an oscillatory

way.

If β = (1 + z (n− 1)) /R, then the above two cases refer to z = 0 and z = 1.

For z ∈ (0, 1), numerical simulations show that Proposition 2 is robust. Two
remarks are in order. First, the oscillatory convergence of social security taxes in

the Ramsey allocation is fundamentally different from the monotonic convergence

in the Markovian political equilibrium. Second, due to the linear preferences over

lifetime wealth, income inequality does not affect the Ramsey allocation.

7.6.1 Proof of Proposition 5

(1) The steady state payroll tax rate in the Ramsey allocation τR is solved by

substituting τR for τ t in (4.60). Substituting β = 1/R into ∆, it is immediate

that ∆ < 0, γ1 < 0, γ2 < 0 and γ3 < 0 by n > 1. Moreover, |∆| < |γ1 + γ2 + γ3|.
So τR ∈ (0, 1). The eigenvalues of (4.61) are η1 =

³
−γ2 +

p
γ2

2 − 4γ1γ3

´
/ (2γ1)

and η2 =
³
−γ2 −

p
γ2

2 − 4γ1γ3

´
/ (2γ1). Both of these have a negative real part.

n > 1 implies that γ2 < γ1 + γ3. So η1 and η2 are real numbers, η1 ∈ (0, 1) and
η2 < −1.
(2) Substituting β = n/R into ∆, it immediately follows that ∆ = 0. The

other proofs are the same as above. ¤

7.7 Data Source

The cross-country data on the average growth rate of real social security benefits

per beneficiary are taken from OECD (1988). The data on the social security



Chapter 4. A Markovian Social Contract of Social Security 147

benefit as a percentage of GDP are taken from Economic Outlook of OECD.

As we lack the data for the average growth rate of social security benefit per

beneficiary for France and Greece, we approximate the average growth rate of

social security tax rates by the average growth rate of the share of social security

expenditure in GDP for these two countries. For most countries, the data cover

the period 1960-1985.31

The data for the dependency ratio in 1960 and 1980 are from authors’ cal-

culations based on the demographic data in United Nations (2000). For those

countries missing data for the above specific years, we use the data for the fol-

lowing year.

The data of the average Gini coefficients are from the updated data set of

Deininger and Squire (1996, Table 1).32 The data show that inequality does

not vary to any considerable extent during the sample period, though there is a

trend of increasing inequality. In addition, the coverage period for the inequality

statistics is broadly consistent with the coverage period for the average growth

rate of real social security benefits per beneficiary.

31 The starting year for Australia is 1961 and the ending year for Portugal and Sweden is

1984. The average growth rates for Belgium and Spain are for periods 1971-1984 and 1974-

1985, respectively.
32 For Austria, the calculation of the statistics excludes the fraction of population who are

self-employed.
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